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Preface

Simon Capelin, of Cambridge University Press, suggested that I send him
my papers on quantum philosophy and let him make them into a book. I
have done so. The papers, from the years 19641986, are presented here in
the order, as far as I now can tell, in which they were written. But of course
that is not the order, if any, in which they should be read.

Papers {8 and 20, ‘Speakable and unspeakable in quantum mechanics’
and ‘Six possible worlds of quantum mechanics’, are nontechnical introduc-
tions to the subject. They are meant to be intelligible to nonphysicists. So
also is most of paper 16, ‘Bertlmann’s socks and the nature of reality’, which
is concerned with the problem of apparent action at a distance.

For those who know something of quantum formalism, paper 3, ‘The
moral aspect of quantum mechanics’, introduces the infamous ‘measure-
ment problem’. I thank Michael Nauenberg, who was co-author of that
paper, for permission to include it here. At about the same level, paper 17,
‘On the impossible pilot wave’, begins the discussion of ‘hidden variables’,
and of related ‘impossibility’ proofs.

More elaborate discussions of the ‘measurement problem’ are given in
paper 6, ‘On wavepacket reduction in the Coleman—Hepp model’, and in
15, “Quantum mechanics for cosmologists’. These show my conviction that,
despite numerous solutions of the problem ‘for all practical purposes’, a
problem of principle remains, It is that of locating precisely the boundary
between what must be described by wavy quantum states on the one hand,
and in Bohr’s ‘classical terms’ on the other. The elimination of this shifty
boundary has for me always been the main attraction of the ‘pilot-wave’
picture. '

Of course, despite the unspeakable ‘impossibility proofs’, the pilot-wave
picture of de Broglie and Bohm exists. Moreover, in my opinion, all
students should be introduced to it, for it encourages flexibility and
precision of thought. In particular, it illustrates very explicitly Bohr’s
insight that the result of a ‘measurement’ does not in general reveal some
preexisting property of the ‘system’, but is a product of both ‘system’ and
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‘apparatus’. It seems to me that full appreciation of this would have
aborted most of the ‘impossibility proofs’, and most of ‘quantum logic’.
Papers 1 and 4, as well as 17, dispose of ‘impossibility proofs’. More
constructive expositions of various aspects of the pilot-wave picture are
contained in papers 1, 4, 11, 14, 15, 17, and 19. Most of this is for
nonrelativistic quantum mechanics, but the last paper, 19, ‘Beables for
quantum field theory’, discusses relativistic extensions. While the usual
predictions are obtained for experimental tests of special relativity, it is
lamented that a preferred frame of reference is involved behind the
phenomena. In this connection one paper, 9, ‘How to teach special
relativity’, has been included although it has no particular reference to
quantum mechanics. I think that it may be helpful as regards the preferred
frame, at the fundamental level, in 19. Many students never realize, it seems
to me, that this primitive attitude, admitting a special system of reference
which is experimentally inaccessible, is consistent. .. if unsophisticated.

Any study of the pilot-wave theory, when more than one particle is
considered, leads quickly to the question of action at a distance, or
‘nonlocality’, and the Einstein—Podolsky—Rosen correlations. This 1s
considered briefly in several of the papers already mentioned, and is the
main concern of most of the others. On this question I suggest that even
quantum experts might begin with 16, ‘Bertlmann’s socks and the nature of
reality’, not skipping the slightly more technical material at the end. Seeing
again what I have written on the locality business, I regret never having
written up the version of the locality inequality theorem that I have been
mostly using in talks on this subject in recent years. But the reader can easily
reconstruct that. It begins by emphasizing the need for the concept ‘local
beable’, along the lines of the introduction to 7. (If local causality in some
theory is to be examined, then one must decide which of the many
mathematical entities that appear are supposed to be real, and really here
rather than there). Then the simpler locality condition appended to 21 1s
formulated (rather than the more elaborate condition of 7). With an
argument modelled on that of 7 the factorization of the probability
distribution again follows. The Clauser—Holt—-Horne—Shimony inequality
is then obtained as at the end of 16.

My attitude to the Everett—de Witt ‘many world’ interpretation, a rather
negative one, is set out in paper 11, ‘The measurement theory of Everett and
de Broglie’s pilot wave’, and in 15, ‘Quantum mechanics for cosmologists’.
There are also some remarks in paper 20.

There is much overlap between the papers. But the fond author can see
something distinctive in each. I could bring myself to omit only a couple
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which were used again later with slight modifications. The later versions are
included as 15 and 19.

For reproduction here, some trivial slips have been corrected, and
references to preprints have been replaced by references to publications
where possible.

In the individual papers I have thanked many colleagues for their help.
But I here renew very especially my warm thanks to Mary Bell. When I look

through these papers again I see her everywhere.
J. S. Bell, Geneva, March, 1987.
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On the problem of hidden variables in quantum
mechanics*

1 Introduction

To know the quantum mechanical state of a system implies, in general, only
statistical restrictions on the results of measurements. It seems interesting
to ask if this statistical element be thought of as arising, as in classical
statistical mechanics, because the states in question are averages over better
defined states for which individually the results would be quite determined.
These hypothetical ‘dispersion free’ states would be specified not only by
the quantum mechanical state vector but also by additional ‘hidden
variables’ — ‘hidden’ because if states with prescribed values of these
variables could actually be prepared, quantum mechanics would be
observably inadequate. '

Whether this question is indeed interesting has been the subject of
debate.!'? The present paper does not contribute to that debate. It is
addressed. to those who do find the question interesting, and more
particularly to those among them who believe that® ‘the question
concerning the existence of such hidden variables received an early and
rather decisive answer in the form of von Neumann’s proof on the
mathematical impossibility of such variables in quantum theory.’ An
attempt will be made to clarify what von Neumann and his successors
actually demonstrated. This will cover, as well as von Neumann’s
treatment, the recent version of the argument by Jauch and Piron,? and the
stronger result consequent on the work of Gleason. It will be urged that
these analyses leave the real question untouched. In fact it will be seen that
these demonstrations require from the hypothetical dispersion free states,
not only that appropriate ensembles thereof should have all measurable
properties of quantum mechanical states, but certain other properties as
well. These additional demands appear reasonable when results of
measurement are loosely identified with properties of isolated systems.

* Work supported by U.S. Atomic Energy Commission. Stanford Linear Accelerator
Center, Stanford University, Stanford, California.



2 Speakable and unspeakable in quantum mechanics

They are seen to be quite unreasonable when one remembers with Bohr®
‘the impossibility of any sharp distinction between the behaviour of atomic
objects and the interaction with the measuring instruments which serve to
define the conditions under which the phenomena appear.’

The realization that von Neumann’s proof is of limited relevance has
been gaining ground since the 1952 work of Bohm.® However, it is far from
universal. Moreover, the writer has not found in the literature any adequate
analysis of what went wrong.” Like all authors of noncommissioned
reviews, he thinks that he can restate the position with such clarity and
simplicity that all previous discussions will be eclipsed.

2 Assumptions, and a simple example

The authors of the demonstrations to be reviewed were concerned to
assume as little as possible about quantum mechanics. This is valuable for
some purposes, but not for ours. We are interested only in the possibility of
hidden variables in ordinary quantum mechanics and will use freely all the
usual notions. Thereby the demonstrations will be substantially shortened.

A quantum mechanical ‘system’ is supposed to have ‘observables’
represented by Hermitian operators in a complex linear vector space. Every
‘measurement’ of an observable yields one of the eigenvalues of the
corresponding operator. Observables with commuting operators can be
measured simultaneously.® A quantum mechanical ‘state’ is represented by
a vector in the linear state space. For a state vector Y the statistical
expectation value of an observable with operator O is the normalized inner
product (i, OV)/(y, ¥).

The question at issue 1s whether the quantum mechanical states can be
regarded as ensembles of states further specified by additional variables,
such that given values of these variables together with the state vector
determine precisely the results of individual measurements. These hypo-
thetical well-specified states are said to be ‘dispersion free.’

In the following discussion it will be useful to keep in mind as a simple’
example a system with a two-dimensional state space. Consider for
definiteness a spin — } particle without translational motion. A quantum
mechanical state is represented by a two-component state vector, or spinor,
. The observables are represented by 2 x 2 Hermitian matrices

x+ po, (1)

where o 1s a real number, B a real vector, and ¢ has for components the Pauli
matrices; « is understood to multiply the unit matrix. Measurement of such
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an observable yields one of the eigenvalues.

at (Bl (2)

with relative probabilities that can be inferred from the expectation value

Cat+prod=(,[a+p-cly)

For this system a hidden variable scheme can be supplied as follows: The
dispersion free states are specified by a real number 4, in the interval
—1 <2<, as well as the spinor . To describe how A determines which
eigenvalue the measurement gives, we note that by a rotation of coordinates
¥ can be brought to the form
1
=)

Let f,, B,, B., be the components of  in the new coordinate system. Then
measurement of « + B-6 on the state specified by ¥ and A results with
certainty in the eigenvalue

o+ |B|sign (2|B| + 31 B.1)sign X, 3)
where
X=8, iff,#0
=p, iff,=0, B, #0
=B, if,=0, and §,=0
and

signX = +1 ifX>0
=—1 fX <0.

The quantum mechanical state specified by y is obtained by uniform
averaging over A. This gives the expectation value

1/2

(a+pro)= » da{a +|Blsign (2Bl + 31 B.I)sign X} = a + B,
as required.

It should be stressed that no physical significance is attributed here to
the parameter A and that no pretence is made of giving a complete reinter-
pretation of quantum mechanics. The sole aim is to show that at the level
considered by von Neumann such a reinterpretation is not excluded. A
complete theory would require for example an account of the behaviour of
the hidden variables during the measurement process itself. With or



Speakable and unspeakable in quantum mechanics

without hidden variables the analysis of the measurement process presents
peculiar difficulties,® and we enter upon it no more than is strictly necessary
for our very limited purpose.

3 von Neumann

Consider now the proof of von Neumann® that dispersion free states, and so
hidden variables, are impossible. His essential assumption!® is: Any real
linear combination of any two Hermitian operators represents an observable,
and the same linear combination of expectation values is the expectation value
of the combination. This is true for quantum mechanical states; it is required
by von Neumann of the hypothetical dispersion free states also. In the two-
dimensional example of Section 2, the expectation value must then be a
linear function of « and P. But for a dispersion free state (which has no
statistical character) the expectation value of an observable must equal one
of its eigenvalues. The eigenvalues (2) are certainly not linear in p. Therefore,
dispersion free states are impossible. If the state space has more dimensions,
we can always consider a two-dimensional subspace; therefore, the demon-
stration is quite general.

The essential assumption can be criticized as follows. At first sight the
required additivity of expectation values seems very reasonable, and it is
rather the non-additivity of allowed values (eigenvalues) which requires
explanation. Of course the explanation is well known: A measurement of a
sum of noncommuting observables cannot be made by combining trivially
the results of separate observations on the two terms - it requires a quite
distinct experiment. For example the measurement of o, for a magnetic
particle might be made with a suitably oriented Stern—Gerlach magnet. The
measurement of ¢, would require a different orientation, and of (6, + 6,) 2
third and different orientation. But this explanation of the nonadditivity of
allowed values also established the nontriviality of the additivity of
expectation values. The latter is a quite peculiar property of quantum
mechanical states, not to be expected a priori. There is no reason to demand
it individually of the hypothetical dispersion free states, whose function it is
to reproduce the measurable peculiarities of quantum mechanics when
averaged over. )

In the trivial example of Section 2 the dispersion free states (specified A)
have additive expectation values only for commuting operators. Neverthe-
less, they give logically consistent and precise predictions for the results of
all possible measurements, which when averaged over 1 are fully equivalent
to the quantum mechanical predictions. In fact, for this trivial example, the
hidden variable question as posed informally by von Neumann!! in his
book is answered in the affirmative.
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Thus the formal proof of von Neumann does not justify his informal
conclusion!?: ‘It is therefore not, as is often assumed, a question of
reinterpretation of quantum mechanics — the present system of -quantum
mechanics would have to be objectively false in order that another
description of the elementary process than the statistical one be possible.’ It
was not the objective measurable predictions of quantum mechanics which
ruled out hidden variables. It was the arbitrary assumption of a particular
(and 1mpossible) relation between the results of incompatible measure-
ments either of which might be made on a given occasion but only one of
which can in fact be made.

4 Jauch and Piron

A new version of the argument has been given by Jauch and Piron.? Like
von Neumann they are interested in generalized forms of quantum
mechanics and do not assume the usual connection of quantum mechanical
expectation values with state vectors and operators. We assume the latter
and shorten the argument, for we are concerned here only with possible
interpretations of ordinary quantum mechanics.

Consider only observables represented by projection operators. The
eigenvalues of projection operators are 0 and 1. Their expectation values
are equal to the probabilities that 1 rather than 0 is the result of
measurement. For any two projection operators, a and b, a third (anb) is
defined as the projection on to the intersection of the corresponding
subspaces. The essential axioms of Jauch and Piron are the following:

(A) Expectation values of commuting projection operators are additive.

(B) If, for some state and two projections a and b,

Ca)=<b)=1,

then for that state
{anb)=1.

Jauch and Piron are led to this last axiom (4° in their numbering) by an
analogy with the calculus of propositions in ordinary logic. The projections
are to some extent analogous to logical propositions, with the allowed
value 1 corresponding to ‘truth’ and 0 to ‘falsehood,” and the construction
(anb)to(a‘and’ b). In logic we have, of course, if a is true and b is true then
(a and b) is true. The axiom has this same structure.

Now we can quickly rule out dispersion free states by considering a two-
dimensional subspace. In that the projection operators are the zero, the unit
operator, and those of the form

1+

é-o,

N
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where d is a unit vector. In a dispersion free state the expectation value of an
operator must be one of its eigenvalues, 0 or 1 for projections. Since from (A)

G+iaed + 3oy =1,
we have that for a dispersion free state either
(3+386d>=1 or (3-386)=1
Let & and B be any nonéollinear unit vectors and
a=%tia-6, b=3itip-s,

with the signs chosen so that {a) = {(b) = 1. Then (B) requires

| {anb)=1.
But with & and P noncollinear, one readily sees that

anb=0,

so that

{anb)=0.

So there can be no dispersion free states.

The objection to this is the same as before. We are not dealing in (B) with
logical propositions, but with measurements involving, for example,
differently oriented magnets. The axiom holds for quantum mechanical
states.!® But it is a quite peculiar property of them, in no way a necessity of
thought. Only the quantum mechanical averages over the dispersion free
states need reproduce this property, as in the example of Section 2.

§ Gleason

The remarkable mathematical work of Gleason* was not explicitly
addressed to the hidden variable problem. It was directed to reducing the
axiomatic basis of quantum mechanics. However, as it apparently enables
von Neumann’s result to be obtained without objectionable assumptions
about noncommuting operators, we must clearly consider it. The relevant
corollary of Gleason’s work is that, if the dimensionality of the state space is
greater than two, the additivity requirement for expectation values of
commuting operators cannot be met by dispersion free states. This will now
be proved, and then its significance discussed. It should be stressed that
Gleason obtained more than this, by a lengthier argument, but this is all
that is essential here.

It suffices to consider projection operators. Let P(¢) be the projector on
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to the Hilbert space vector ¢, i.e., acting on any vector

P(¢)Y = (0, 9) ' (¢, ¥).

If a set ¢; are complete and orthogonal,

Z P(¢)=1.
Since the P(¢;) commute, by hypothesis then

TPy =1. (4)

Since the expectation value of a projector is non-negative (each measure-
ment yields one of the allowed values 0 or 1), and since any two orthogonal
vectors can be regarded as members of a complete set, we have:

(A) If with some vector ¢, { P(¢)) = 1 for a given state, then for that state
{P@)> =0 for any ¥ orthogonal on ¢.

If v, and ¢, are another orthogonal basis for the subspace spanned by
some vectors ¢; and ¢,, then from (4)

(PO )Y +<PW)>=1— 3 <P

i#£Li#2
or

CPW1)) +<PY2)) = (P($4)) + (P(¢2))-
Since Y, may be any combination of ¢, and ¢,, we have:

(B) If for a given state

(P(¢1)) =< P(¢;)) =0

for some pair of orthogonal vectors, then

(P + Bdz)> =0

for all « and B.
(A) and (B) will now be used repeatedly to establish the following. Let ¢
and ¥ be some vectors such that for a given state

(PW)) =1, (5)
(P(¢)) =0. 6

Then ¢ and ¥ cannot be arbitrarily close; in fact

|6 —v|> 5yl (7)
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To see this let us normalize y and write ¢ in the form
¢=y +ey,

where ¥/’ is orthogonal to y and normalized and ¢ is a real number. Let "
be a normalized vector orthogonal to both y and ' (it is here that we need
three dimensions at least) and so to ¢. By (A) and (5),

CPYH>=0, <(PWY"))>=0.
Then by (B) and (6),

(Pl +7 'ey")) =0,

where y is any real number, and also by (B),

(P(—ey’ +yey”)> =0.

The vector arguments in the last two formulas are orthogonal; so we may
add them, again using (B):

(P +ely +y~ ' W) =0.

Now if ¢ is less than 3, there are real y such that
ey+y ==L

Therefore,

CPW +y"))=<PWY -y"))=0.
The vectors ¥ + " are orthogonal; adding them and again using (B),

(P(Y))>=0.
This contradicts the assumption (5). Therefore,
e>1

as announced in (7).

Consider now the possibility of dispersion free states. For such states
each projector has expectation value either 0 or 1. It is clear from (4) that
both values must occur, and since there are no other values possible, there
must be arbitrarily close pairs y, ¢ with different expectation values O and 1,
respectively. But we saw above such pairs could not be arbitranly close.
Therefore, there are no dispersion free states.

That so much follows from such apparently innocent assumptions leads
us to question their innocence. Are the requirements imposed, which are
satisfied by quantum mechanical states, reasonable requirements on the
dispersion free states? Indeed they are not. Consider the statement (B). The
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yperator P(ag, + f¢,) commutes with P(¢,) and P(¢,) only if either a or
s zero. Thus in general measurement of P(a¢, + f¢,) requires a quite
listinct experimental arrangement. We can therefore reject (B) on the
rrounds already used: it relates in a nontrivial way the results of
:xperiments which cannot be performed simulitaneously; the dispersion free
states need not have this property, it will suffice if the quantum mechanical
averages over them do. How did it come about that (B) was a consequence
of assumptions in which only commuting operators were explicitly
mentioned? The danger in fact was not in the explicit but in the implicit
assumptions. It was tacitly assumed that measurement of an observable
must yield the same value independently of what other measurements may
be made simultaneously. Thus as well as P(¢5) say, one might measure
either P(¢,) or P(y,), where ¢, and y, are orthogonal to ¢; but not to
one another. These different possibilities require different experimental
arrangements; there is no a priori reason to believe that the results for
P(¢5) should be the same. The result of an observation may reasonably
depend not only on the state of the system (including hidden variables) but
also on the complete disposition of the apparatus; see again the quotation
from Bohr at the end of Section 1.

To illustrate these remarks, we construct a very artificial but simple
hidden variable decomposition. If we regard all observables as functions of
commuting projectors, it will suffice to consider measurements of the latter.
Let P, P,,---be the set of projectors measured by a given apparatus, and
for a given quantum mechanical state let their expectation values be 4,,
Ay — Ay, A3 — A,,---. As hidden variable we take a real number 0 < 1 < 1; we
specify that measurement on a state with given 4 yields the value 1 for P, if
Iy—1 <A< A, and zero otherwise. The quantum mechanical state is
obtained by uniform averaging over A. There is no contradiction with
Gleason’s corollary, because the result for a given P, depends also on the
choice of the others. Of course it would be silly to let the result be affected by
a mere permutation of the other Ps, so we specify that the same order is
taken (however defined) when the Ps are in fact the same set. Reflection will
deepen the initial impression of artificiality here. However, the example
suffices to show that the implicit assumption of the impossibility proof was
essential to its conclusion. A more serious hidden variable decomposition
will be taken up in Section 6.1*

6 Locality and separability

Up till now we have been resisting arbitrary demands upon the hypo-
thetical dispersion free states. However, as well as reproducing quantum
mechanics on averaging, there are features which can reasonably be desired
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in a hidden variable scheme. The hidden variables should surely have some
spacial significance and should evolve in time according to prescribed laws.
These are prejudices, but it is just this possibility of interpolating some
(preferably causal) space-time picture, between preparation of and measure-
ments on states, that makes the quest for hidden variables interesting to
the unsophisticated.? The ideas of space, time, and causality are not
prominent in the kind of discussion we have been considering above. To the
writer’s knowledge the most successful attempt in that direction is the 1952
scheme of Bohm for elementary wave mechanics. By way of conclusion, this
will be sketched briefly, and a curious feature of it stressed.

Consider for example a system of two spin — 4 particles. The quantum
mechanical state is represented by a wave function,

‘/’ij(l'l,rz),

where i and j are spin indices which will be suppressed. This is governed
by the Schrddinger equation,

OYjot = —i(—(0%/or}) — (0*/or3) + V(r, —1,)
+ ao,"H(r,) + bo,*H(r;))¥, (8)

where V is the interparticle potential. For simplicity we have taken neutral
particles with magnetic moments, and an external magnetic field H has
been allowed to represent spin analyzing magnets. The hidden variables are
then two vectors X, and X,, which give directly the results of position
measurements. Other measurements are reduced ultimately to position
measurements.'> For example, measurement of a spin component means
observing whether the particle emerges with an upward or downward
deflection from a Stern—Gerlach magnet. The variables X, and X, are
supposed to be distributed in configuration space with the probability
density,

p(X, X,) = Z W’ij(xl, X2)|2,

appropriate to the quantum mechanical state. Consistently, with this X,
and X are supposed to vary with time according to

N\

dX, /dt = p(X,, X)) Im Y, ¥ (X, Xz)@/0X WX, X,),
! ©)

dX/dt = p(X, X;) " Im Yy h(X (, X )0/0X WX, X ).

The curious feature is that the trajectory equations (9) for the hidden
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variables have in general a grossly non-local character. If the wave function
is factorable before the analyzing fields become effective (the particles being
far apart),

‘/’ij(xl, X,)= ¢i(x1)Xj(x2),
this factorability will be preserved. Equation (8) then reduce to

dX,/dt= Z¢?(X1)¢i(xl)]— Im}, p¥(X,)(0/0X,)$4(X,),

5 1
dX,/dt = ;X}l(xz)xj'(xz):l Imz 17 (X2)(0/0X )X ).
L J

The Schrédinger equation (8) also separates, and the trajectories of X, and
X, are determined separately by equations involving H(X,) and H(X,),
respectively. However, in general, the wave function is not factorable. The
trajectory of 1 then depends in a complicated way on the trajectory and
wave function of 2, and so on the analyzing fields acting on 2 — however
remote these may be from particle 1. So in this theory an explicit causal
mechanism exists whereby the disposition of one piece of apparatus affects
the results obtained with a distant piece. In fact the Einstein—Podolsky—
Rosen paradox is resolved in the way which Einstein would have liked least
(Ref. 2, p. 85).

More generally, the hidden variable account of a given system becomes

entirely different when we remember that it has undoubtedly interacted
with numerous other systems in the past and that the total wave function
will certainly not be factorable. The same effect complicates the hidden
variable account of the theory of measurement, when it is desired to include
part of the ‘apparatus’ in the system.
- Bohm of course was well aware®:1618 of these features of his scheme, and
has given them much attention. However, it must be stressed that, to the
present writer’s knowledge, there is no proof that any hidden variable
account of quantum mechanics must have this extraordinary character.!® It
would therefore be interesting, perhaps,' to pursue some further ‘impossi-
bility proofs,” replacing the arbitrary axioms objected to above by some
condition of locality, or of separability of distant systems.
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On the Einstein—Podolsky—Rosen paradox*

1 Introduction

The paradox of Einstein, Podolsky and Rosen! was advanced as an
argument that quantum mechanics could not be a complete theory but
should be supplemented by additional variables. These additional variables
were to restore to the theory causality and locality?. In this note that idea
will be formulated mathematically and shown to be incompatible with
the statistical predictions of quantum mechanics. It is the requirement of
locality, or more precisely that the result of a measurement on one system
be unaffected by operations on a distant system with which it has interacted
in the past, that creates the essential difficulty. There have been attempts? to
show that even without such a separability or locality requirement no
‘hidden variable’ interpretation of quantum mechanics is possible. These
attempts have been examined elsewhere* and found wanting. Moreover, a
hidden variable interpretation of elementary quantum theory® has been
explicitly constructed. That particular interpretation has indeed a grossly
non-local structure. This is characteristic, according to the result to be
proved here, of any such theory which reproduces exactly the quantum
mechanical predictions.

2 Formulation

With the example advocated by Bohm and Aharonov®, the EPR argument
is the following. Consider a pair of spin one-half particles formed somehow
in the singlet spin state and moving freely in opposite directions.
Measurements can be made, say by Stern—Gerlach magnets, on selected
components of the spins ¢, and a,. If measurement of the component o, -a,
where a i1s some unit vector, yields the value + 1 then, according to
quantum mechanics, measurement of 6,+a must yield the value — 1 and vice
versa. Now we make the hypothesis?, and it seems one at least worth

* Work supported in part by the U.S. Atomic Energy Commission.
Department of Physics, University of Wisconsin, Madison, Wisconsin.
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considering, that if the two measurements are made at places remote from
one another the orientation of one magnet does not influence the result
obtained with the other. Since we can predict in advance the result of
measuring any chosen component of ¢,, by previously measuring the same
component of &, it follows that the result of any such measurement must
actually be predetermined. Since the initial quantum mechanical wave
function does not determine the result of an individual measurement, this
predetermination implies the possibility of a more complete specification of
the state.
Let this more complete specification be effected by means of parameters
A. It is a matter of indifference in the following whether A denotes a single
variable or a set, or even a set of functions, and whether the variables are
discrete or continuous. However, we write as if A were a single continuous
parameter. The result A of measuring ¢,-a is then determined by a and 4,
and the result B of measuring &,-b in the same instance is determined by b
and 4, and
A@,A)= + 1,B(b,2)= + 1. )]

The vital assumption? is that the result B for particle 2 does not depend on
the setting a, of the magnet for particle 1, nor 4 on b.

If p(2) is the probability distribution of A then the expectation value of the
product of the two components ¢,°a and &,°b is

P(a,b) = fd).p().)A(a, A)B(b, 1) )

This should equal the quantum mechanical expectation value, which for the
singlet state is
(6,°ac,"b)=—a‘b (3)

But it will be shown that this is not possible.

Some might prefer a formulation in which the hidden variables fall into
two sets, with A dependent on one and B on the other; this possibility is
contained in the above, since 4 stands for any number of variables and the
dependences thereon of A and B are unrestricted. In a complete physical
theory of the type envisaged by Einstein, the hidden variables would have
dynamical significance and laws of motion; our 4 can then be thought of as
initial values of these variables at some suitable instant.

3 Illustration

The proof of the main result is quite simple. Before giving it, however, a
‘number of illustrations may serve to put it in perspective.
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Firstly, there is no difficulty in giving a hidden variable account of spin
measurements on a single particle. Suppose we have a spin half particleina
pure spin state with polarization denoted by a unit vector p. Let the hidden
variable be (for example) a unit vector A with uniform probability
distribution over the hemisphere A:p>0. Specify that the result of
measurement of a component ¢-a is

sign A-a’, “)

where a’ is a unit vector depending on a and p in a way to be specified, and
the sign function is + 1 or — 1 according to the sign of its argument.
Actually this leaves the result undetermined when A-a’=0, but as the
probability of this is zero we will not make special prescriptions for it.
Averaging over A the expectation value is

(aad=1-—20n, (5)

where €' is the angle between a’ and p. Suppose then that a’ is obtained from
a by rotation towards p until

20'
1— —=cos 0 6)

where 0 is the angle between a and p. Then we have the desired result
(a*a)=cosf )]

So in this simple case there is no difficulty in the view that the result of every
measurement is determined by the value of an extra variable, and that the
statistical features of quantum mechanics arise because the value of this
variable is unknown in individual instances.

Secondly, there is no difficulty in reproducing, in the form (2), the only
features of (3) commonly used in verbal discussions of this problem:

P(a,a)= — P(a, —a)= — 1}.

Pa,b)=0 ifab=0 ®)

For example, let 1 now be unit vector A, with uniform probability
distribution over all directions, and take

A(a,1) =signa‘k }

B(a,b) = —signb-A ®)

This gives

P@a,b)=—1+ ;2;9, (10)
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where 0 is the angle between a and b, and (10) has the properties (8). For
comparison, consider the result of a modified theory® in which the pure
singlet state is replaced in the course of time by an isotropic mixture of
product states; this gives the correlation function
1
- ‘3“ a‘b (1 1)

Itis probably less easy, experimentally, to distinguish (10) from (3), than (11)
from (3).

Unlike (3), the function (10) is not stationary at the minimum value — 1
(at 8=0). It will be seen that this is characteristic of functions of type (2).

Thirdly, and finally, there is no difficulty in reproducing the quantum
mechanical correlation (3) if the results 4 and B in (2) are allowed to depend
on b and a respectively as well as on a and b. For example, replace a in (9) by
a’, obtained from a by rotation towards b until

1—20'=coso,
T

where ¢ is the angle between a’ and b. However, for given values of the
hidden variables, the results of measurements with one magnet now depend
on the setting of the distant magnet, which is just what we would wish to
avoid.

4 Contradiction

The main result will now be proved. Because p is a normalized probability
distribution,

Jdlp(l) =1, (12)

and because of the properties (1), P in (2) cannot be less than — 1. It can
reach —1 ata=>b only if

A(a,A)= — B(a, 1) (13)

except at a set of points A of zero probability. Assuming this, (2) can be
rewritten

P(a,b)= — J-dlp(l)A(a, ) A(b, ). (14)
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It follows that if ¢ is another unit vector

P(a,b) — P(a,c) = — J. dAp(A)[A(a, DA, ) — Afa, )A(c, 1]

= fdlp(l)A(a, A)A(b, ))[ A(b, )A(c, 2) — 1]
using (1), whence
| P(a, b) — P(a,c)| < J dip(A)[1 — A(b, H)A(c, 4)]

The second term on the right is P(b, c), whence -
1 + P(b,c) > | P(a,b) — P(a,c)| (15)

Unless P is constant, the right hand side is in general of order |b — c| for
small |b — ¢|. Thus P(b, c) cannot be stationary at the minimum value (— 1
at b= c) and cannot equal the quantum mechanical value (3).

Nor can the quantum mechanical correlation (3) be arbitrarily closely
approximated by the form (2). The formal proof of this may be set out as
follows. We would not worry about failure of the approximation at isolated
points, so let us consider instead of (2) and (3) the functions

P(a,b) and —a-b

where the bar denotes independent averaging of P(a’,b’) and — a’-b’ over
vectors a’ and b’ within specified small angles of a and b. Suppose that for all
a and b the difference is bounded by &:

| P(a,b) + a-b| < ¢ (16)

Then it will be shown that ¢ cannot be made arbitrarily small.
Suppose that for all a and b

ja-b —ab| <5 (17)
Then from (16)
|P(a,b) +ab|<c+6 (18)

From (2)

P(a,b) = Jdap(z)/?(a, 1)B(b, 2) (19)
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where
| (A(a,))| <1 and |B(b,A|<1 (20)
From (18) and (19), with a =D,
f dAp(A)[ADb, )Bb, ) +1]<c+ 5 @
From (19)

r

P(a,b) — P(a,c) = |dAp(1)[ A(a, )B(b, 1) — A(a, )B(c, 1) ]

r

= |dAp()A(a, )B(b, )H[1 + A(b, )B(c, )]

— |dap(A)A(a, HB(c, H[ 1 + A(b, )B(b, 1)]

- Using (20) then

| Pa,b)— P(a, )l < |dAp()[1 + A(b, )B(e, )]

L

+ Pdlp(l)[l + A(b, )B(b, )]

L

Then using (19) and (21)
| P(a,b) — P(a,c)| <1 + P(b,c)+c+6
Finally, using (18),

|arc—abl—2(e+0)< 1 —b-c+2(s+ )
or.’.
4+ 0)=|ac—ab|+bc—1 (22)

Take for example a‘c=0,a-b=b-c= 1/\/5. Then
He+0)> /21

%erefore for small finite 6, ¢ cannot be arbitrarily small.
Thus the quantum mechanical expectation value cannot be represented,

§ :.. i

\elther accurately or arbitrarily closely, in the form (2).

5 Generalization

;The example considered above has the advantage that it requires little
mlaglnatlon to envisage the measurements involved actually being made.
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In a more formal way, assuming’ that any Hermitian operator with a
complete set of eigenstates is an ‘observable’, the result is easily extended to
other systems. If the two systems have state spaces of dimensionality greater
than 2 we can always consider two-dimensional subspaces and define, in
their direct product, operators ¢, and o, formally analogous to those used
above and which are zero for states outside the product subspace. Then for
at least one quantum mechanical state, the ‘singlet’ state in the combined
subspaces, the statistical predictions of quantum mechanics are incompat-
ible with separable predetermination.

6 Conclusion

In a theory in which parameters are added to quantum mechanics to
determine the results of individual measurements, without changing the
statistical predictions, there must be a mechanism whereby the setting of
one measuring device can influence the reading of another instrument,
however remote. Moreover, the signal involved must propagate instanta-
neously, so that such a theory could not be Lorentz invariant.

Of course, the situation is different if the quantum mechanical predictions
are of limited validity. Conceivably they might apply only to experimentsin
which the settings of the instruments are made sufficiently in advance to
allow them to reach some mutual rapport by exchange of signals with
velocity less than or equal to that of light. In that connection, experiments of
the type proposed by Bohm and Aharonov®, in which the settings are
changed during the flight of the particles, are crucial.
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The moral aspect of quantum mechanics*

The notion of morality appears to have been introduced into quantum
theory by Wigner, as reported by Goldberger and Watson®. The question at
issue is the famous ‘reduction of the wave packet’. There are, ultimately, no
mechanical arguments for this process, and the arguments that are actually
used may well be called moral. This is a popular account of the subject. Very
practical people not interested in logical questions should not read it. Itisa
pleasure for us to dedicate the paper to Professor Weisskopf, for whom
intense interest in the latest developments of detail has not dulled concern
with fundamentals.

Suppose that some quantity F is measured on a quantum mechanical
system, and a result f obtained. Assume that immediate repetition of the
measurement must give the same result. Then, after the first measurement,
the system must be in an eigenstate of F with eigenvalue f. In general, the
measurement will be ‘incomplete’, ie., there will be more than one
eigenstate with the observed eigenvalue, so that the latter does not suffice to
specify completely the state resulting from the measurement. Let the
relevant set of eigenstates be donoted by ¢ ,. The extra index g may be
regarded as the eigenvalue of a second observable G that commutes with F
and so can be measured at the same time. Given that f is observed for F, the
relative probabilities of observing various g in a simultaneous measurement
of G are given by the squares of the moduli of the inner products

(d)fga '//)

where  is the initial state of the system. Let us now make the plausible
assumption that these relative probabilities would be the same if G were
measured not simultaneously with F but immediately afterwards. Then we
know something more about the state resulting from the measurement of F.
One state with the desired properties is clearly

N Z;, Do s )

* With M. Nauenberg, Stanford University.
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where N is a normalization factor. It is readily shown that this is the only
state? for which the probability of obtaining a given value for any quantity
-commuting with F is the same whether the measurement is made at the
“same time or immediately after. Thus, we arrive at the general formulation
for the ‘reduction of the wave packet’ following measurement?: expand the
_initial state in eigenstates of the observed quantity, strike out the
‘contributions from eigenstates which do not have the observed eigenvalue,
and renormalize the remainder. This preserves the original phase and
intensity relations between the relevant eigenstates. It therefore does the
minimum damage to the original state consistent with the requirement that
hn immediate repetition of the measurement gives the same result. All this is
very ethical, and we will refer to the particular reduction just defined as ‘the
moral process’.
ééi ‘Now morality is not universally observed, and it is easy to think of
measunng processes for which the above account would be quite inappro-
pnate Suppose for example the momentum of a neutron is measured by
observmg a recoil proton. The momentum of the neutron is altered in the
2f)rocess, and in a head-on collision actually reduced to zero. The subsequent
state of the neutron is by no means a combination (the spin here provides
: ie degeneracy) of states with the observed momentum. How then is one to
‘know whether a given measurement is moral® or not? Clearly, one must
-' f&?éstigate the physics of the process. Instead of tracing through a realistic
.example we will follow von Neumann® here in considering a simple model.
uppose the system I to be observed has coordinates R. Suppose that the
icasuring instrument, II, has a single relevant coordinate Q —a pointer
Iposition. Suppose that the measurement is effected by switching on
ﬁnﬁtﬁhtaneously an interaction between I and II

1a\1a
5(t)F(R,?a—R)€a—Q—

'j%gre t is time. The simplification here, where the system of interest acts
directly on a pointer reading without intervention of circuitry, is gross. If L is
E&fhe state /(R) before the measurement, and the pointer reading is zero,

5;he initial state of I +1I is

W(R)5(Q).

Efgﬁé“'shtéte of I + II immediately after ¢ =0 can be obtained by solving the
Schrodinger equation. In this only the interaction term in the Hamiltonian
nssignificant, because of its impulsive character. The resulting state is®

fZg ¢ 1o(RNS 1, ¥)5(Q —f)
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where f is an eigenvalue of F, ¢, a corresponding eigenfunction, and g any
extra index needed to enumerate these eigenfunctions. If now an observer
reads the pointer on the instrument, and finds a particular value f, and if this
measurement of the pointer reading is moral, then the state reduces to

NY &7s(RNS 15> V)32 ~ 1)

The part referring to system I alone,

N g: D 1R D sq, ¥)

is precisely the result of applying the moral process to I directly, after the
measurement of the quantity F. So we have here a dynamical model of a
moral measurement of F. This depends on the detailed nature of the
interaction between the system and the measuring instrument. It would
have been equally easy to choose an interaction for which a moral
measurement of the pointer reading would imply an immoral measurement
of F.

Thus, if the morality of measurements of macroscopic pointer readings is
granted, there is no real ambiguity in practice in applying quantum
mechanics. One must simply understand well enough the structure of the
systems involved, including the instruments, and work out the conse-
quences. This situation is not peculiar to quantum mechanics. Moreover,
we are readily disposed to accept the moral character of observing
macroscopic pointers, for we feel convinced from common experience that
they are not much changed in state by being looked at, and the moral
process is in an obvious sense minimal. Thus, the basis of practical quantum
mechanics seems secure. This is just as well, in view of its magnificent
success, and of the fact that there is no real competitor in sight. However, it
must not be supposed that the action on the wave function of even such a
macroscopic observation is of a trivial nature, and least of all that it is a
mere subjective adjustment of the representative ensemble to allow for
increased knowledge. To make this elementary point suppose that the

measuring interaction in the above model is again switched on at times t
and 21: |5 s

—=—, Oot—21)F-—.

i 00 ( ) i 0Q

During the period t suppose that each eigenstate ¢, (the possible extra
index g is not essential here) evolves into a combination

5(t — 7)F

¢f—); ¢f'af'.f'
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For the instrument II suppose for simplicity that Q is a constant of the
motion between interactions. Then solution of the Schrodinger equation
for I+ II gives from the initial state (just before ¢ = 0)

Yo(Q)

the final state

Z ¢f A g f(¢f,'/’)5(Q —f=f=f")
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just after t =21. The probabilities of then observing various particular
possible values Q for the pointer position are given by

2
; ;af".Q—f*f"aQ-f—f"'f(d’f’l/’)
Now this assumes that the intermediate evolution of I + 1l is governed
fz_'éntirely by the Schrodinger equation, and therefore that the pointer position
r;fis not looked at until after the final interaction. If the pointer position is
~observed just after each interaction then the moral process comes into play
“just after t=0 and t=1. If all possible results of these intermediate
observations are averaged over, the net result is simply to eliminate from
ihe last expression interference between different values of f and f’; it
becomes

g ;; |0, 0= g pUg -y, A W

drp g

Thus observation, even when all possible results are averaged over, is a
dynamlcal interference with the system which may alter the statistics of
:subsequent measurements.

#"Now although we would not wish to cast doubt on the practical
;‘adequacy of macroscopic morality, it is clear that if we leave it un-analyzed
the theory can at best be described as a phenomenological makeshift. The
fact already stressed that observation implies a dynamical interference,
tOgether with the belief that instruments after all are no more than large
‘ssemblies of atoms, and that they interact with the rest of the world largely
through the well-known electromagnetic interaction, seems to make this a
dlstlnctly uncomfortable level at which to replace analysis by axioms. The
% ‘;nly' possibility of further. analysis offered by quantum mechanics is to
incorporate still more of the world into the quantum mechanical system,
+;II + III + etc. Especially from the theorist’s point of view such a
dévelopment is very pertinent. For him the experiment may be said to start
“’Wlth the printed proposal and to end with the issue of the report. For him
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the laboratory, the experimenter, the administration, and the editorial staff
of the Physical Review, are all just part of the instrumentation. The
incorporation of (presumably) conscious experimenters and editors into
the equipment raises a very intriguing question. For they know the results
before the theorist reads the report, and the question is whether their
knowledge is incompatible with the sort of interference phenomena
discussed above. If the interference is destroyed, then the Schrodinger
equation is incorrect for systems containing consciousness. If the inter-
ference is not destroyed the quantum mechanical description is revealed as
not wrong but certainly incomplete®. We have something analogous to a
two-slit interference experiment where the ‘particle’ in any particular
instance has gone through only one of the slits (and knows it!) and yet there
are interference terms depending on the wave having gone through both
slits. Thus we have both waves and particle trajectories, as in the de Broglie—
Bohm ‘pilot wave’ or ‘hidden parameter’ interpretations of quantum
mechanics’. Unfortunately it seems hopelessly impossible to test this
question in practice; it is hard enough to realize interference phenomena
involving simple things like electrons, photons, or « particles. Experimen-
ters (and even inanimate instruments) radiate heat, for example, and this
coupling to their surroundings suppresses interference just as effectively as
the theorist reading the Physical Review. Nevertheless, the question of
principle is there. Now, even if we had settled the status of the experimenter,
we are not at the end of the road. For the reading of the Physical Review is
hardly a more elementary act than the reading of pointers or computer
output; this act also seems to require analysis rather than axiomatics, and
so we want the theorist also in the Schrodinger equation. He also radiates
heat, and so on, and we want finally the whole universe in the quantum
mechanical system. At this point we are finally lost. It is easy to imagine a
state vector for the whole universe, quietly pursuing its linear evolution
through all of time and containing somehow all possible worlds. But the
usual interpretive axioms of quantum mechanics come into play only when
the system interacts with something else, is ‘observed’. For the universe
there is nothing else, and quantum mechanics in its traditional form has
simply nothing to say. It gives no way of, indeed no meaning in, picking out
from the wave of possibility the single unique thread of history.

These considerations, in our opinion, lead inescapably to the conclusion
that quantum mechanics is, at the best, incomplete®. We look forward to a
new theory which can refer meaningfully to eventsin a given system without
requiring ‘observation’ by another system. The critical test cases requiring
this conclusion are systems containing consciousness and the universe
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as a whole. Actually, the writers share with most physicists a degree of
embarrassment at consciousness being dragged into physics, and share the
usual feeling that to consider the universe as a whole is at least immodest, if
not blasphemous. However, these are only logical test cases. It seems likely
to us that physics will have again adopted a more objective description of
nature long before it begins to understand consciousness, and the universe
as'a whole may well play no central role in this development. It remains a
logical possibility that it is the act of consciousness which is ultimately
responsible for the reduction of the wave packet®. It is also possible that
something like the quantum mechanical state function continue to play a
El'ole supplemented by variables describing the actual as distinct from the
'posmble course of events (‘hidden variables’) although this approach seems
fto face severe difficulties in describin g separated systems in a sensible way’.
;What ismuch more likely is that the new way of seeing things willinvolve an
E1mag1nat1ve leap that will astonish us. In any case it seems that the quantum
mechanical description will be superseded. In this it is like all theories made
;by man. But to an unusual extent its ultimate fate is apparent in its internal
tructure It carries in itself the seeds of its own destruction.

Notes and references

1 M. L. Goldberger and K. M. Watson, Phys. Rev. 134, B919 (1964).
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&, with the given f. The set of expectation values of all such projections determines
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3 J. von Neumann, Mathematische Grundlagen der Quantenmechanik, Verlag Julius
Springer, Berlin (1932) (Eng. trans. Princeton Univ. Press, 1955) Chapter 6. The

¢ prescription for incomplete measurement is implicit is most treatments of quantum
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1= 07,0(Q —2()f)
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ox da 61 _da 1 oy

ot 0 dt idQ

; So we need (da/dt) = (¢), or that « increases from zero to one during the

mteraction. Given in the text is the combination of such solutions which corresponds
to the prescribed initial state.
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6 It 1s taken for granted here that conscious experience is of, or is, 2 unique
sequence of events, and cannot be completely described by a quantum mechanical
state containing somehow all possible sequences. Occasionally people challenge
this view. The wnters therefore concede that there may be some people whose
states of mind are best described by coherent or incoherent quantum mechanical
superpositions.
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in The Scientist Speculates. R. Good, Ed., Heinemann, London (1962).
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Introduction to the hidden-variable question

1 Motivation

:Theoretlcal physicists live in a classical world, looking out into a quantum-
echamcal world. The latter we describe only subjectively, in terms of
procedures and results in our classical domain. This subjective description
fls eﬁ'ected by means of quantum-mechanical state functions , which
‘charactenze the classical conditioning of quantum-mechanical systems and
fpermlt predictions about subsequent events at the classical level. The
‘classical world of course is described quite directly —‘as it is’. We could
?spemfy for example the actual positions A, A,, ---of material bodies, such
235, the switches defining experimental conditions and the pointers, or print,
t f “r_nng experimental results. Thus in contemporary theory the most
C tnplete description of the state of the world as a whole, or of any part of it
extendmg into our classical domain, is of the form

(A, Az, ¥) (1)

thh both classical variables and one or more quantum-mechanical wave
funct:ons

'ew nobody knows just where the boundary between the classical and

CEERa

;gq&antum domam 18 situated. Most feel that expenmental switch settings

;" Iitum mechanical description is numerically essential and those ordi-
nly perceptlble by human bemgs Nevertheless the movablllty of the

ry ‘founded in this way on arguments of manifestly apprommate
ieHaracter, however good the approximation, is surely of provisional nature.
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It seems legitimate to speculate on how the theory might evolve. But of
course no one is obliged to join in such speculation.

A possibility is that we find exactly where the boundary lies. More
plausible to me is that we will find that there is no boundary. It is hard for
me to envisage intelligible discourse about a world with no classical part —
no base of given events, be they only mental events in a single conscious-
ness, to be correlated. On the other hand, it is easy to imagine that the
classical domain could be extended to cover the whole. The wave functions
would prove to be a provisional or incomplete description of the quantum-
mechanical part, of which an objective account would become possible. It is
this possibility, of a homogeneous account of the world, which is for me
the chief motivation of the study of the so-called ‘hidden variable’
possibility.

A second motivation is connected with the statistical character of
quantum-mechanical predictions. Once the incompleteness of the wave-
function description is suspected, it can be conjectured that the seemingly
random statistical fluctuations are determined by the extra ‘hidden’
variables — ‘hidden’ because at this stage we can only conjecture their
existence and certainly cannot control them. Analogously, the description
of Brownian motion for example might first have been developed in a
purely statistical way, the statistics becoming intelligible later with the
hypothesis of the molecular constitution of fluids, this hypothesis then
pointing to previously unimagined experimental possibilities, the exploit-
ation of which made the hypothesis entirely convincing. For me the
possibility of determinism is less compelling than the possibility of having
one world instead of two. But, by requiring it, the programme becomes
much better defined and more easy to come to grips with.

A third motivation is in the peculiar character of some quantum-
mechanical predictions, which seem almost to cry out for a hidden variable
interpretation. This is the famous argument of Einstein, Podolsky and
Rosen’. Consider the example, advanced by Bohm?, of a pair of spin-}
particles formed somehow in the singlet spin state and then moving freely in
opposite directions. Measurements can be made, say by Stern—-Gerlach
magnets, on selected components of the spins 6, and ¢,. If measurement of
o,-a, where a is some unit vector, yields the value + 1, then, according to
quantum mechanics, measurement of ¢,-a must yield the value — 1, and
vice versa. Thus we can know in advance the result of measuring any
component of ¢, by previously, and possibly at a very distant place,
measuring the corresponding component of ¢,. This strongly suggests that
the outcomes of such measurements, along arbitrary directions, are actually
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.determined in advance, by variables over which we have no control, but
whlch are sufficiently revealed by the first measurement so that we can
antrcrpate the result of the second. There need then be no temptation to
regard the performance of one measurement as a causal influence on the
result of the second, distant, measurement. The description of the situa-
tlon could be manifestly ‘local’. This idea seems at least to merit investi-
gatlon
+.We will find, in fact, that no local deterministic hidden-variable theory
can reproduce all the experimental predictions of quantum mechanics. This
opens the possibility of bringing the question into the experimental domain,
by trying to approximate as well as possible the idealized situations in
1,:"whrch local hidden variables and quantum mechanics cannot agree.
%’HOwever, before coming to this, we must clear the ground by some remarks
n various mathematical investigations that have been made on the
possibility of hidden variables in quantum mechanics without any reference
“to'locality.

2 The absence of dispersion-free states in various formalisms derived
from quantum mechanics

Consrder first the usual Heisenberg uncertainty principle. It says that for
quantum-mechamcal states the predictions for measurements for at least
one of a pair of conjugate variables must be statistically uncertain. Thus
rio quantum-mechanical state can be ‘dispersion-free’ for every observabile.
It follows that if a hidden-variable account is possible, in which the results
of all observations are fully determined, each quantum-mechanical state
must correspond to an ensemble of states each with different values of the
hldden variables. Only these component states will be dispersion-free. So
one way to formulate the hidden-variable problem is a search for a
formalism permitting such dispersion-free states.

An early, and very celebrated, example of such an investigation was that
_f von Neumann?®. He observed that in quantum mechanics an observable
’whose operator is a linear combination of operators for other observables

A=pBB+yC

Ilas for expectation value the corresponding linear combination of
expectatlon values:

(A)=B{B)+y{C). @

He considered more general schemes in which this particular feature was
preserved Now for the hypothetical dispersion-free states there is no
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distinction between expectation values and eigenvalues — for each such
state must yield with certainty a particular one of the possible results for any
measurement. But eigenvalues are not additive. Consider for example
components of spin for a particle of spin 4. The operator for the component
along the direction half-way between the x and y axes is

(0. +6,)/\/2,

whose eigenvalues +1 are certainly not the corresponding linear
combinations

(+1+1)/2

of eigenvalues of ¢, and ¢,. Thus the requirement of additive expectation
values excludes the possibility of dispersion-free states. Von Neumann
concluded that a hidden-variable interpretation is not possible for quantum
mechanics: ‘it is therefore not, as is often assumed, a question of re-
interpretation of quantum mechanics — the present system of quantum
mechanics would have to be objectively false in order that another
description of the elementary process than the statistical one be possible’.

It seems therefore that von Neumann considered the additivity (2) more
as an obvious axiom than as a possible postulate. But consider what it
means in terms of the actual physical situation. Measurements of the three
quantities

O x, Gys (Gx + o-y)/\/ia

require three different orientations of the Stern—Gerlach magnet, and
cannot be performed simultaneously. It is just this which makes intelligible
the non-additivity of the eigenvalues — the values observed in specific
instances. It is by no means a question of simply measuring different
components of a pre-existing vector, but rather of observing different
products of different physical procedures. That the statistical averages
should then turn out to be additive is really a quite remarkable feature of
quantum-mechanical states, which could not be guessed a priori. It is by no
means a ‘law of thought® and there is no a priori reason to exclude the
possibility of states for which it is false. It can be objected that although the
additivity of expectation values is not a law of thought, it is after all
experimentally true. Yes, but what we are now investigating is precisely the
hypothesis that the states presented to us by nature are in fact mixtures of
component states which we cannot (for the present) prepare individually.
The component states need only have such properties that ensembles of
them have the statistical properties of observed states.
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It has subsequently been shown that in various other mathematical
schemes, derived from quantum mechanics, dispersion-free states are not
possible*. The persistence in these schemes of a kind of uncertainty
principle is of course useful and interesting to people working with those
schemes. However, the importance of these results, for the question that we
are concerned with, is easily exaggerated. The postulates often have great
intrinsic appeal to those approaching quantum mechanics in an abstract
way. Translated into assumptions about the behaviour of actual physical
equipment, they are again seen to be of a far from trivial or inevitable
‘nature®.
= On the other hand, if no restrictions whatever are imposed on the hidden
:;f\f'rariables, or on the dispersion-free states, it is trivially clear that such
‘schemes can be found to account for any experimental results whatever. Ad
;fhoc schemes of this kind are devised every day when experimental
‘physicists, to optimize the design of their equipment, simulate the expected
‘results by deterministic computer programmes drawing on a table of
-random numbers. Such schemes, from our present point of view, are not
‘very interesting. Certainly what Einstein wanted was a comprehensive
‘account of physical processes evolving continuously and locally in ordinary
-space and time. We procecd now to describe a very instructive attempt in
-that direction.

3 A simple example

Cons:der the simple hidden-variable picture of elementary wave mechanics
fadvanccd originally by de Broglie® and subsequently clarified by Bohm®.

zr,Take the case of a single particle of spin  moving in a magnetic field H. The
Schrodmgcr equation is

0 1 /10\?
'a‘ll(r’t)={2—m(75) +#G'H}l//(l',t), (3)

;where the wave function ¥ is a two-component Pauli spinor. Let us
supplemcnt this quantum-mechanical picture by an additional (hidden)
~variable A, a single three-vector, which evolves as a function of time
Tépording to the law

d _j, (1)
dt  o,(0¢t) )

1 0
jlll(rs t) = 'i Iml//*(l', t) 5 l//(l', t)5

Qw(ro t) = W*(T, t)l//(l', t)
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with summation over suppressed spinor indices understood. It is supposed
that the quantum-mechanical state specified by the wave function ¥
corresponds to an ensemble of states (A,i) in which the As occur with
probability density g(A,t) such that

o(h, t)= g, (%, 1).

It is easy to see that if the distribution ¢ of h is equal to g, in this way at some
initial time, then in virtue of the equations of motion (3) and (4) it remains so
at later times.

The fundamental interpretative rule of the model is just that A(¢) is the
real position of the particle at time ¢, and that observation of position will
yield this value. Thus the quantum statistics of position measurements, the
probability density g,, is recovered immediately. But many other measure-
ments reduce to measurements of position. For example, to ‘measure the
spin component ¢, the particle 1s allowed to pass through a Stern—Gerlach
magnet and we see whether it is deflected up or down, i.e. we observe
position at a subsequent time. Thus the quantum statistics of spin
measurements are also reproduced, and so on.

This scheme is readily generalized to many particle systems, within the
framework of nonrelativistic wave mechanics. The wave function is now in
the 3n-dimensional configuration space

Yr,,r,,...,0)

and the Schrodinger equation can contain interactions between the
particles. The hidden variables are n-vectors

W WU
moving according to
(dA,,/dt) = jpy (Mg, Ry )y (Mg, Mg o, 1),
0u(hishas. ) =1 (hg, Mgy 1)1,
gy hgye o, 1) =3 Imy*(0/0r, )Y |, = ;.

Again the ensemble corresponding to the quantum-mechanical state has
the As initially distributed with probability density ||> in the 3n-
dimensional space, and this remains so in virtue of the equations of motion.
Thus the quantum statistics of position measurements, and of any
procedure ending up in a position measurement (be it only the observation
of a pointer reading) can be reproduced.

What happens to the hidden variables during and after the measurement
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is a delicate matter. Note only that a prerequisite for a specification of what
happens to the hidden variables would be a specification of what happens
to the wave function. But it is just at this point that the notoriously vague
_,“reductlon of the wave packet’ intervenes, at some ill-defined time, and we
come up against the ambiguities of the usual theory, which for the moment
We aim only to reinterpret rather than to replace. It would indeed be very
1nterestmg to go beyond this point. But we will not make the attempt here,
for we will find a very striking difficulty at the level to which the scheme has
been developed already. Before coming to this, a number of instructive
;}features of the schcmc are worth mdlcatmg

5‘w21've has two componcnts, the particle has only position A. The particle

és not ‘spin’, although the experimental phenomena associated with spin
are reproduced. Thus the picture resulting from a hidden-variable account
.of quantum mechanics need not very much resemble the traditional

assical picture that the researcher may, secretly, have been keeping in
mmd The electron need not turn out to be a small spinning yellow sphere.
;;?\'second way in which the scheme is instructive is in the explicit picture
‘ihe very essential role of apparatus. The result of a ‘spin measurement’,
for example, depends in a very complicated way on the initial position A of
}fﬁthe particle and on the strength and geometry of the magnetic field. Thus
,t.he result of the measurement does not actually tell us about some property
*'prewously possessed by the system, but about something which has come
mto being in the combination of system and apparatus. Of course, the vital
rolc of the complete physical set-up we learned long ago, especially from
Bohr When it is forgotten, it is more easy to expect that the resuits of the
;;obscrvatlons should satisfy some simple algebraic relations and to feel that
.;;these relations should be preserved even by the hypothetical dispersion-free
'states of which quantum-mechanical states may be composed. The model
lllustratcs how the algcbralc rclatlons valid for the statlstlcal cnscmblcs

‘m;icroscoplc objects, or they may be finally restricted to apply only to my
nse data). Moreover, it seems to me that the present ‘quantum theory of
.measurement’ in which the quantum and classical levels interact only
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fitfully during highly idealized ‘measurements’ should be replaced by an
interaction of a continuous, if variable, character. The eqs. (3) and (4) of the
simple scheme form a sort of prototype of a master equation of the world in
which classical variables are continuously influenced by a quantum-
mechanical state.

4 A difficulty

The difficulty is this. Looking at (4) one sees that the behaviour of a given
variable &, is determined not only by the conditions in the immediate
neighbourhood (in ordinary three-space) but also by what is happening at
all the other positions A,, A5, .... That is to say, that although the system of
equations is ‘local’ in an obvious sense in the 3n-dimensional space, it is not
at all local in ordinary three-space. As applied to the Einstein—Podolsky—
Rosen situation, we find that this scheme provides an explicit causal
mechanism by which operations on one of the two measuring devices can
influence the response of the distant device. This is quite the reverse of the
resolution hoped for by EPR, who envisaged that the first device could
serve only to reveal the character of the information already stored in space,
and propagating in an undisturbed way towards the other equipment.

The question then arises: can we not find another hidden-variable scheme
with the desired local character? It can be shown that this is not
possible”’ . The demonstration moreover is in no way restricted to the
context of nonrelativistic wave mechanics, but depends only on the
existence of separated systems highly correlated with respect to quantities
such as spin.

Consider again for example the system of two spin-} particles. Suppose
they have been prepared somehow in such a state that they then move in
different directions towards two measuring devices, and that these devices
measure spin components along directions 4 and b respectively. Suppose
that the hypothetical complete description of the initial state is in terms of
hidden variables A with probability distribution g(2) for the given quantum-
mechanical state. The result A (= + 1) of the first measurement can clearly
depend on A and on the setting d of the first instrument. Similarly, B can
depend on Aand b. But our notion of locality requires that 4 does not depend
on b, nor B on 4. We then ask if the mean value P(4, B) of the product 4B, i.e.

P(4,b) = I dAg(A)A(@, A)B(b, A) (5)

can equal the quantum-mechanical prediction.
Actually we can, and should, be somewhat more general. The instru-
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‘ments themselves could contain hidden variables'® which could influence
‘the results. If we average first over these instrument variables, we obtain the
representation

P(a,b) = j dAg(1)A(a, A)B(b, A), (6)

‘where the averages 4 and B will be independent of b and 4, respectively, if
_the corresponding distributions of instrument variables are independent of b

‘gand a, respectively, although of course they may depend on 4 and b,
respectively. Instead of

A=+1, B=+], (7)
‘we now have

1Al<1, |BI<1, @®)

_;and this suffices to derive an interesting restriction on P.

“.In practice, there will be some occasions on which one or both
,mstruments simply fail to register either way. One might then'! count 4
and/or B as zero in defining P, A, and B; (8) remains true and the following
ﬁrcasomng remains valid.
i, Let @' and b’ be alternative settings of the instruments. Then

P(4,b) — P(4,b") = cuam [A(a,2)B(b, 1) — A(4, )B(b', )]

™

= |die(A)[A(a, ) B(b, H(1 + A(@, HB(E, )]

—~ f dAg(A)[A(4, )B(F, A)(1 + A(d', )B(b, 2))].
Then using (8)

|P(4,b)— P(4,b)| < j dig(A)(1 + A(a’, )B(b', 2))

+ j dAe(A)(1 + A&, )B(b, %)),
or
|P@,b)— Pa,b')| <2 £ (P@,b') + P&, b)),

or more symmetrically

|P@,b)— P@,b)| + | P@,b) + P(@,b)| < 2. 9)
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With & = b’ and assuming
P, b)=—1, (10)
equation (9) yields
|P(a,b) — P(4,b")| < 1 + P(b', b). (11)

This is the original form of the result’. Note that to realize (10) it is necessary
that the equality sign holds in (8), i.e. for this case the possibility of the
results depending on hidden variables in the instruments can be excluded
from the beginning!?.

The more general relation (9) (essentially) was first written by Clauser,
Holt, Horne and Shimony® for the restricted representation (5).

Suppose now, for example, that the system was in the singlet state of the
two spins. Then quantum-mechanically P(q, b) is given by the expectation
value in that state

(6,4,6,°b) = — &b (12)

This function has the property (10), but does not at all satisfy (11). With
P(a, B) = — d-b one finds, for example, that for a small angle between b and
b’ the left-hand side of (11) is in general of first order in this angle, while the
right-hand side is only of second order. Thus the quantum-mechanical
result cannot be reproduced by a hidden-variable theory which is local in
the way described.

This result opens up the possibility of bringing the questions that we have
been considering into the experimental area. Of course, the situation
envisaged above is highly idealized. It is supposed that the system is initially
in a known spin state, that the particles are known to proceed towards the
instruments, and to be measured there with complete efficiency. The
question then is whether the inevitable departures from this ideal situation
can be kept sufficiently small in practice that the quantum-mechanical
prediction still violates the inequality (9).

In this connection other systems, for example the two-photon system® or
the two-kaon system'?, may be more promising than that of two-spin 1
particles. A very serious study of the photon case will be reported to this
meeting by Shimony. The experiment described by him, and now under
way, is not sufficiently close to the ideal to be conclusive for a quite
determined advocate of hidden variables. However, for most a confirm-
ation of the quantum-mechanical predictions, which is only to be expected
given the general success of quantum mechanics'®, would be a severe
discouragement.
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Subject and object

The subject—object distinction is indeed at the very root of the unease that
many people still feel in connection with quantum mechanics. Some such
distinction is dictated by the postulates of the theory, but exactly where or
when to make it is not prescribed. Thus in the classic treatise’ of Dirac we
learn the fundamental propositions:

... any result of a measurement of a real dynamical variable is one
of its eigenvalues. ..,

...if the measurement of the observable £ for the system in the state
corresponding to | x ) is made a large number of times, the average of
all the results obtained will be {x|&|x)...,

...a measurement always causes the system to jump into an
eigenstate of the dynamical variable that is being measured... .

So the theory is fundamentally about the results of ‘measurements’, and
therefore presupposes in addition to the ‘system’ (or object) a ‘measurer’ (or
subject). Now must this subject include a person? Or was there already
some such subject—object distinction before the appearance of life in the
universe? Were some of the natural processes then occurring, or occurring
now in distant places, to be identified as ‘measurements’ and subjected to
jumps rather than to the Schrodinger equation? Is ‘measurement’ some-
thing that occurs all at once? Are the jumps instantaneous? And so on.

The pioneers of quantum mechanics were not unaware of these questions,
but quite rightly did not wait for agreed answers before developing the
theory. They were entirely justified by results. The vagueness of the
postulates in no way interferes with the miraculous accuracy of the
calculations. Whenever necessary a little more of the world can be
incorporated into the object. In extremis the subject—object division can be
put somewhere at the ‘macroscopic’ level, where the practical adequacy of
classical notions makes the precise location quantitatively unimportant.
But although quantum mechanics can account for these classical features of
the macroscopic world as very (very) good approximations, it cannot do
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more than that.2 The snake cannot completely swallow itself by the tail.
This awkward fact remains: the theory is only approximately unambiguous,
only approximately self-consistent.

#-It would be foolish to expect that the next basic development in
theoretical physics will yield an accurate and final theory. But it is
mterestmg to speculate on the possibility that a future theory will not be
mtrmszcally ambiguous and approximate. Such a theory could not be
fun'damentally about ‘measurements’, for that would again imply incom-
pleteness of the system and unanalyzed interventions from outside. Rather
lt should again become possible to say of a system not that such and such
may be observed to be so but that such and such be so. The theory would not
be about ‘observables’ but about ‘beables’. These beables need not of course
resemble those of, say, classical electron theory; but at least they should, on
the macroscopic level, yield an image of the everyday classical world*, for ‘it
ls decistve to recognize that, however far the phenomena transcend the
scope of classical physical explanatlon the account of all evidence must be
expressed in classical terms’.

i‘*’ By ‘classical terms’ here Bohr is not of course invoking particular
mneteenth -century theories, but refers simply to the familiar language of
everyday affairs, including laboratory procedures, in which objective
propertles — beables — are assigned to objects. The idea that quantum
‘mechanics is primarily about ‘observables’ is only tenable when such
beables are taken for granted. Observables are made out of beables. We
fraJse the question as to whether the beables can be incorporated into the
:theory with more precision than has been customary.

Many people must have thought along the following lines. Could one not
]ust promote some of the ‘observables’ of the present quantum theory to the
status of beables? The beables would then be represented by linear
Operators in the state space.® The values which they are allowed to be would
be the eigenvalues of those operators. For the general state the probability
of a beable being a particular value would be calculated just as was formerly
calculated the probability of observing that value. The proposition about
the jump of state consequent on measurement could be replaced by: when a
partlcular value is attributed to a beable, the state of the system reduces to a
correspondmg eigenstate. It is the main object of this note to set down some
’remarks on this programme. Perhaps it is only because they are quite trivial
that I have not seen them set down already.

f‘.’I'he state vector (or density matrix) in what follows will always be that of
the Heisenberg picture: all time dependence is in the operators and the state
:{efers not to a single time but to a whole history. This permits us, if we wish,
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to define the ‘system’ under study simply as a limited space-time region.
This seems a less intrinsically ambiguous and unrealistic way than any
other I can think of to separate off a part of the world from the rest. Of
course, one could try to think of the world as a whole, but it is less
intimidating to think of only a part. In the approach® known as the ‘theory
of local observables’ a Heisenberg state (pure or mixed) can indeed be
attributed to any limited region of space-time. It gives, roughly speaking,
the expectation value of all functions of the Heisenberg field operators with
space-time arguments in that region. If something like a Lorentz-invariant
causal connection between field operators is postulated then the region of
relevance of the state vector can be extended by including all points whose
forward or backward light cones pass entirely through the original region,
as in Fig. 1. It is then the Heisenberg state of the extended region which
reduces, whenever a ‘local beable’ in that region is attributed a particular
value, to its projection in the subspace with the given eigenvalue. Whatever
the particular space-time location of the beable considered, there is no
question of any particular space-time location of the associated state
reduction, which is coextensive with the whole history of the system under
study.

Whereas ‘measurement’ was a dynamical intervention, from somewhere
outside, with dynamical consequences, it is clear that ‘attribution’ must be
regarded as a purely conceptual intervention. It is made, say, by a theorist
rather than an experimenter; he is quite remote in space and time from the
action, and simply shifts his attention from the whole of a statistical
ensemble to a sub-ensemble. It follows that attributing a particular value to
some beable cannot change particular values already attributed to some

Fig. 1.
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other beables. It follows that only those states can be allowed which are
simultaneously eigenstates of all beables, or superpositions of such states.
Moreover we need only consider incoherent superpositions, for the
beables, unable to induce transitions between different eigenstates, are
msensmve to any coherence. Now the beables may not be a complete set,
and a list of their eigenvalues may not characterize a state completely.
However, the converse is true: when a particular member state of the
incoherent superposition is specified, definite values are specified for all
beables. Thus the theory is of deterministic hidden-variable type, with the
Helsenberg state playing the role of hidden variable. When this state, which
may originally refer only to the limited region in the figure, is specified, all
peables in the extended region are determined.

"“"Isuspect that a stronger conclusion would be possible, that one cannot in
fact find interesting candidates for beables in interesting quantum mechan-
1cal systems. But my own indications in this direction seem to me
(unnecessarlly elaborate and I will not attempt to present them here. The
prehmmary conclusion is in a way more striking. In the basic propositions
quoted from Dirac there was in fact another element, in addition to the
‘vague subjectivity, which could have disturbed a nineteenth-century
itheorlst That is the statistical undeterministic character of the basic notions.
In following what seemed to be a minimal programme for restoring
;‘ob_]ectmty, we were obliged to restore determinism also.
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On wave packet reduction in the Coleman—Hepp
model

1 Introduction

In a very elegant and rigorous paper’, K. Hepp has discussed quantum
measurement theory. He uses the C* algebra description of infinite
‘¢ quantum systems. Here an attempt is made to give a more popular account
55’0f some of his reasoning. Such an attempt seems worthwhile because many
ij;fpeople not familiar with the C* algebra approach, and even somewhat
:%.mnmldated by it, have been intrigued by the following statement in Hepp’s
“abstract:

In several explicitly soluble models, the measurement leads to
macroscopically different ‘pointer positions’ and to a rigorous
‘reduction of the wave packet’ with respect to all local observables.

- This could look like a clean solution at last to the infamous measurement
problem But it is not so, nor thought by Hepp to be so. Here we will take
-one* of his models and analyse it in elementary text-book terms. It will be
iﬁ;m&sted that the ‘rigorous reduction’ does not occur in physical time but
(only in an unattainable mathematical limit. It will be argued that the
“distinction is an important one.
We will work at first in the Schrodinger picture, but later, with the
“extension to relativistic systems in mind, it will be argued that such

“considerations become particularly clear in the Heisenberg picture.

-----

2 Model

» The model is the following. The ‘apparatus’ is a semi-infinite linear array of
Spm-z particles, fixed at positions x = 1,2,.... The ‘system’ 1samov1ng spin-
" particle, with position co-ordinate x and spin operators 6,(= 6}, 62, 03); it
s the third component a3 which s to be ‘measured’. The combined system is
iﬁzﬁ_‘déscribed by a wave function, where all g, take values + 1,

Wit x,04,0,,0,,...)
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in a representation where all ¢ are diagonal:

oY(t,x,64,61,0,,...) =06, Y(t,X,064,01,02,...). (1)
The Hamiltonian is taken to be
10 @ . 3
H==—+ ) V(x~n)o,(}—103). (2)
! ax n=1

Note that the ‘kinetic energy’ here is linear rather than quadratic in the
particle momentum p = (1/i)(6/0x). This has the convenience that free
particle wave packets do not diffuse; they just move without change of form,
and with unit velocity, in the positive x-direction. The interaction V is
supposed to have ‘compact support’ —i.c., to be zero beyond some range r:

Vix)=0 for|x|>r. (3)
It is also supposed, for reasons that will appear, that
J dx V(x) = Zzt— (4)
The Schrodinger equation
oy .
Et_ = — lHll/

is readily solved

'l/(ta X, 00 ) = lf[l CXp[— lF(x - n)a,f(% - %a?,)]qﬁ(x —1,0,.. ) (5)

where ¢ is arbitrary and

F(x)= J dyv) ©

Note that

F(x)=0 forx<—r} )

F(x)=n/2 forx> +r.

Consider in particular states in which initially the lattice spins are all up and
the moving spin is either up or down:
s

Va(t,x,...) = x(x — 0 4 (00) ﬁlm(a,.)
n= > 8)

b-(0%,-.) = xlx = - (00) [] ¥l x =

/



On wave packet reduction in the Coleman—Hepp model 47

@here
¥, (0)=30,5, } o)
Vs (0,x —n)=exp[— iF(x —n)o, 1¢ . (c,).
Note that in virtue of (7)
V. (6, x—n=y,(0,) forx—n< —r
=—iy_(o,) forx—n> +r.} (10)
Let us suppose that the wave packet y has compact support:
x(x)=0 for|x|>w. (11)
‘Then, from (10) we can use in (8)
Vi, (o,,x—n=y.(0,) forn>t+r+w
V(o x—n)=—iy_(o,) forn<t—~r—w} (12)

Thus (8) has the interpretation that when the system spin is up nothing
_'"happens to the apparatus spins, but when the system spin is down each
?_"apparatus spin in turn is flipped from up to down.

. Hepp’s ‘macroscopic pointer position’ can be defined here by considering
‘the limit M — o0 of

1 M
=M ;1 oy (13)

_Clearly

Lim (Lim(n//i,CMl//i))= +1. (14)
M- \(t— o

So we have his ‘macroscopically different pointer positions’. From the fact
that the two states have different values here (for what Hepp calls a ‘classical
;:Qjﬂpbservable , involving infinitely many of the basic operators ¢) Hepp infers
“:that

Lim(y,,0¢;)=0 (15)

t—ro0

for any ‘local observable’ Q — i.e., one constructed from a finite number of
os. This is plausible in general because such a difference means, loosely
speaking, that the two states differ significantly at infinitely many lattice
points, and so remain mutually orthogonal after any operation involving
only finitely many lattice points. In this particular case, we see explicitly
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from (12) that if a particular Q involves only (6,,6, ---6) then

Y., Q¥)=0 fort>1+N+r+w (16)

which includes (15).

The result (15) is the ‘rigorous reduction of the wave packet’. If the ‘local
observables’ Q (as distinct in particular from the ‘classical observables’) are
thought of as those which can in principle actually be observed, then the
vanishing of their matrix elements between the two states means that
coherent superpositions of ¥, and {_ cannot be distinguished from
incoherent mixtures thereof. In quantum measurement theory such elimin-
ation of coherence is the philosopher’s stone. For with an incoherent
mixture specialization to one of its components can be regarded as a purely
mental act, the innocent selection of a particular subensemble, from some
total statistical ensemble, for particular further study.

We insist, however, that t = c0 never comes, so that the wave packet
reduction never happens. The mathematical limit t —» oo is of physical
relevance only in so far as it suggests what might be true, or nearly so, for
large t. The result (15) (and more sharply, in this particular case, (16)) shows
that any fixed observable Q will eventually give a very poor (zero, in this
case) measure of the persisting coherence. But nothing forbids the use of
different observables as time goes on. Consider for example the unitary
operator

Nit—r—w)
z=0y [] o2 (17)
n=1
where N(t) is the largest integer smaller than t. The increasing string of
factors here serves to unflip the flipped spins, so that
N(i+rt+w)
W4 2¢_)= de |x(x — t)}? " I1 )(l// +(o) ¥ (o, x—n))  (18)
t—=r—w

becomes a periodic function of t. Trivially,

Wiz )=W-,z¢_)=0. (19)

Thus in the Hermitean operators z we have a sequence of local observables
whose matrix elements

Wz 2¥,) (20)

do not approach zero. So long as nothing, in principle, forbids consider-
ation of such arbitrarily complicated observables, it is not permitted to
speak of wave packet reduction. While for any given observable one can
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'ﬁnd a time for which the unwanted interference is as small as you like, for
any given time one can find an observable for which it is as big as you do not

like.
3 Heisenberg picture

‘Consider now the Heisenberg picture®, in which the states are time-
‘independent and the operators vary. The Heisenberg equations of motion
‘are in general

o) =[0(), — iH]
‘and in particular

Xt =1

6o(t)= — ( Zl V(x(t)— n)aj(t))f( X 6(t)

e o]
6,(t) =+ (”Zl V(x(t) — n))(l — 63N x 6,(1)
where fand k are unit vectors in the 1 and 3 directions. Now we could solve
these equations forward in time to find subsequent values in terms of initial
values and then to say again what has been said above. But we wish to note
‘rather that the equations can be solved backwards in time, to express
'Operators at some initial time in terms of those at any later time. For
%.example, we find

65(0) = o}(t)cos B(t) — aa(t) sin O(¢) @2n

yhere

0(t)

ﬁ (F(x(t) — ) — F(x(t) — t — m)} ok 0. 22)

Between states which satisfy the Schrodinger equation, matrix elements of
iro at time zero are equal to the corresponding matrix elements at time ¢ of
the combination of observables on the right-hand side of (21). Thus this
icombmatlon serves the same purpose as that of (17), of giving a constant
‘measure to the persisting coherence — in this case whatever coherence could
m]tlally be measured by a}. It is not, of course, the same construction as
(17), and in fact it explicitly invokes x(t), as well as o,(t), as an observable.
But why not?

.~ We note in passing that in the Heisenberg picture there is no complic-
jation in considering mixed rather than pure states. Whatever coherence
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shows up at time 0 in the expectation value of an operator Q(0), will persist
and show up at later times in the expectation value of the corresponding
combination of Q(t). In this picture the persistence of coherence is directly
related to the deterministic character of the Heisenberg equations of
motion. This operates backwards as well as forwards in time, and requires a
given Q(0) to be some combination of the set Q(t) with any given t.

As written, the summation in (22) is infinite. But for any given wave
packet y(x), of compact support, it can be terminated without error at some
sufficiently large n, growing with time. This is because of (7), which requires
F to vanish for large negative arguments. Thus, loosely speaking, the
evidence for coherence remains at any finite time in a finite region of the
Jattice. This will not be generally true in nonrelativistic models. It is
associated with the use of interactions and wave packets of compact
support, and with the existence in the model of a limiting — indeed
universal — velocity, which was taken to be unity.

In relativistic theories, however, we again have a limiting velocity, that of
light — at least if we have flat unquantized space-time and can avoid the
pathologies of Velo and Zwanziger’. The local observables in an initial
space-time region are then presumably determined by those contained
subsequently in a region obtained from the original by expanding its space
boundaries with the velocity of light. Presumably the exact formulation of
this notion is to be found in the ‘primitive causality’ of Haag®. In so far as
it applies we see again that any coherence associated with the initial region
must persist, and be detectable subsequently in a bigger but finite region by
using the appropriate combination of observables in that region.

4 Conclusion

Clearly there is no room for disagreement about simple mathematics. But
there may be disagreement about the physical significance of it. Hepp
clearly considers the limit ¢t — oo very relevant, while he does ‘not, however,
accept the ergodic mean as a fundamental solution to the problem of the
reduction of wave packets’. In my opinion neither of these approaches
provides a fundamental solution, but both are quite valuable for indicating
how the difference between reducing the wave packet at one time rather
than another is extremely hard to see in practice. Moreover, both indicate
this on the same ground — that the observation of arbitrarily complicated
observables, while not excluded in principle, is not possible in practice. It
remains true that, whenever it is done, the wave packet reduction is not
compatible with the linear Schrodinger equation. And yet at some not-wel]-
specified time, such a reduction is supposed to occur®: ---a measurement
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;a.lways causes the system to jump into an eigenstate of the dynamical
variable that is measured -

s The continuing dlspute about quantum measurement theory is not
ibetween people who disagree on the results of simple mathematical
f?mampulatlons Nor is it between people with different ideas about the
ifactual practicality of measuring arbitrarily complicated observables. It is
E:between people who view with different degrees of concern or complacency
the following fact: so long as the wave packet reduction is an essential
qumponent, and so long as we do not know exactly when and how it takes
over from the Schrodinger equation, we do not have an exact and
“limambiguous formulation of our most fundamental physical theory.
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The theory of local beables

Introduction: the theory of local beables

This is a pretentious name for a theory which hardly exists otherwise, but
which ought to exist. The name is deliberately modelled on ‘the algebra of
local observables’. The terminology, be-able as against observ-able, is not
designed to frighten with metaphysic those dedicated to realphysic. It is
chosen rather to help in making explicit some notions already implicit in,
and basic to, ordinary quantum theory. For, in the words of Bohr!, ‘it is
decisive to recognize that, however far the phenomena transcend the scope
of classical physical explanation, the account of all evidence must be
expressed in classical terms’. It is the ambition of the theory of local beables
to bring these ‘classical terms’ into the equations, and not relegate them
entirely to the surrounding talk.

The concept of ‘observable’ lends itself to very precise mathematics when
identified with ‘self-adjoint operator’. But physically, it is a rather woolly
concept. It is not easy to identify precisely which physical processes are to
be given the status of ‘observations’ and which are to be relegated to the
limbo between one observation and another. So it could be hoped that
some increase in precision might be possible by concentration on the
beables, which can be described in ‘classical terms’, because they are there.
The beables must include the settings of switches and knobs on experi-
mental equipment, the currents in coils, and the readings of instruments.
‘Observables’ must be made, somehow, out of beables. The theory of local
beables should contain, and give precise physical meaning to, the algebra of
local observables.

The word ‘beable’ will also be used here to carry another distinction, that
familiar already in classical theory between ‘physical’ and ‘non-physical’
quantities. In Maxwell’s electromagnetic theory, for example, the fields E
and H are ‘physical’ (beables, we will say) but the potentials A and ¢ are
‘non-physical’. Because of gauge invariance the same physical situation can
be described by very different potentials. It does not matter that in
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Coulomb gauge the scalar potential propagates with infinite velocity. It is
not really supposed to be there. It is just a mathematical convenience.

. One of the apparent non-localities of quantum mechanics is the
instantaneous, over all space, ‘collapse of the wave function’ on ‘measure-
ment’. But this does not bother us if we do not grant beable status to the
wave function. We can regard it simply as a convenient but inessential
mathematical device for formulating correlations between experimental
procedures and experimental results, i.e., between one set of beables and
another. Then its odd behaviour is as acceptable as the funny behaviour of
the scalar potential of Maxwell’s theory in Coulomb gauge.

- We will be particularly concerned with local beables, those which (unlike
for example the total energy) can be assigned to some bounded space-time
region. For example, in Maxwell’s theory the beables local to a given region
are just the fields E and H, in that region, and all functionals thereof. It is in
terms of local beables that we can hope to formulate some notion of local
causality. Of course we may be obliged to develop theories in which there
are no strictly local beables. That possibility will not be considered here.

1 Local determinism

In Maxwell’s theory, the fields in any space-time region 1 are determined by
those in any space region V, at some time t, which fully closes the backward
light cone of 1 (Fig. 1). Because the region ¥ is limited, localized, we will say
the theory exhibits local determinism. We would like to form some notation
of local causality in theories which are not deterministic, in which the
correlations prescribed by the theory, for the beables, are weaker.

Fig. 1.
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2 Local causality

Consider a theory in which the assignment of values to some beables A
implies, not necessarily a particular value, but a probability distribution, for
another beable A. Let

{41A}

denote the probability of a particular value 4 given particular values A. Let
A belocalized in a space-time region 1. Let B be a second beable localized in
a second region 2 separated from 1 in a spacelike way (Fig. 2). Now my
intuitive notion of local causality is that events in 2 should not be ‘causes’ of
eventsin 1, and vice versa. But this does not mean that the two sets of events
should be uncorrelated, for they could have common causes in the overlap
of their backward light cones. It is perfectly intelligible then that if A in (1)
does not contain a complete record of events in that overlap, it can be
usefully supplemented by information from region 2. So in general it is
expected that

{A]A, B} # {A|A) (1)

However, in the particular case that A contains already a complete
specification of beables in the overlap of the two light cones, supplementary
information from region 2 could reasonably be expected to be redundant.
So, with some change of notation, we formulate local causality as follows.

Let N denote a specification of all the beables, of some theory, belonging
to the overlap of the backward light cones of spacelike separated regions 1
and 2. Let A be a specification of some beables from the remainder of the
backward light cone of 1, and B of some beables in the region 2. Then in a
locally causal theory

{A|A,N,B} = {A|A, N} @)
whenever both probabilities are given by the theory.

Fig. 2.
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3 Quantum mechanics is not locally causal

Ordinary quantum mechanics, even the relativistic quantum field theory, is
not locally causal in the sense of (2). Suppose, for example, we have a
radioactive nucleus which can emit a single a-particle, surrounded at a
considerable distance by a-particle counters. So long as it is not specified
that some other counter registers, there is a chance for a particular counter
that it registers. But if it is specified that some other counter does register,
even in a region of space-time outside the relevant backward light cone, the
chance that the given counter registers is zero. We simply do not have (2).
Could it be that here we have an incomplete specification of the beables, N?
Not so long as we stick to the list of beables recognized in ordinary
quantum mechanics — the settings of switches and knobs and currents
needed to prepare the initial unstable nucleus. For these are completely
summarized, in so far as they are relevant for predictions about counter
registering, in so far as such predictions are possible in quantum mechanics,
by the wave function.

But could it not be that quantum mechanics is a fragment of a more
complete theory, in which there are other ways of using the given beables, or
in which there are additional beables — hitherto ‘hidden’ beables? And
could it not be that this more complete theory has local causality? Quantum
mechanical predictions would then apply not to given values of all the
beables, but to some probability distribution over them, in which the
beables recognized as relevant by quantum mechanics are held fixed. We
will investigate this question, and answer it in the negative.

4 Locality inequality®~23

Consider a pair of beables 4 and B, belonging respectively to regions 1 and
2 with spacelike separation, which happen by definition to have the

Fig. 3.
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property
|[Al<1 [B|<1 ()

Consider the situation in which beables A, M, N are specified, where N is
a complete specification of the beables in the overlap of the light cones, and

A and M belong respectively to the remainders of the two light cones
(Fig. 3).
Consider the joint probability distribution

{A, B|A,M,N} “4)
By a standard rule of probability, it is equal to
{A|A, M, N, B}{B|A, M, N} %)
which, by (2), is the same as
{A|A,N}{B|M, N} (6)

This says simply that correlations between 4 and B can arise only because
of common causes N.
Consider now the expectation value of the product AB

p(A,M,N)y="> AB{A|A,N}{B|M,N} )]
AB

(where the summation stands also, if necessary, for integration)
= A(A,N)BM,N) ®)
where 4 and B are functions of the variables indicated, and
|41<1 |B|<1 )
for all values of the arguments. Let A’ and M’ be alternative specifications,
of the same regions, to A and M.
p(A, M, N) £ p(A, M, N)= A(A, N)[B(M, N) + B(M',N})] (10)
p(A', M, N) + p(A'a M, N) = Z(A', N)[E(M, N) + B-(M" N)]

whence, using (9),

IP(/\,M,N)ip(A,M',N)I<I§(M,N)i§(M’,N)I} (1)

|p(A’, M, N) + p(A',M',N)| < | B(M, N) + B(M', N})|
so that finally, again invoking (9),

Ip(A, M,N)+ p(A,M',N)| + |p(A’, M, N) F p(A’, M',N})| <2 (12)
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Suppose now the specifications A, M, N are each given in two parts

A=(a,l)
M = (b, p)
N =(c,v)

where we are particularly interested in the dependence on a, b, ¢, while 4, u,
v, are averaged over some probability distributions — which may depend on
a, b, c. In the comparison with quantum mechanics, we will think of a, b, c, as
variables which specify the experimental set-up in the sense of quantum
mechanics, while 4, p, v, are in that sense either hidden or irrelevant. Define

P(a,b,c) = p((a, 4),(b, ), (c, v)) (13)

where the bar denotes the averaging over (4, g, v) just described. Now
applying again the locality hypothesis (3), the distribution of A and v must
be independent of b, u — the latter being outside the relevant backward light
cones. So

|P(a,b,c) + P(a, b, c)] < |p((a, 4), (b, ), (c, V) £ p((a, ), (&', 1), (e, )| (14)

— because the mod of the average is less than the average of the mod. In the
same way

|P(d,b,c)F P(d, b, c)| < |p((a, A), (b, )y (c, V) F p((a, 4), (b', 1), (c, W)
(15)

Finally then, from (14), (15) and (12),
| P(a,b,c) F P(a,b’,c)| + | P(a’,b,c) + P(a',b,c)| <2 (16)

5 Quantum mechanics

Quantum mechanics, however, gives certain correlations which do not
satisfy the locality inequality (16).

Suppose, for example, a neutral pion is produced, by some experimental
device, in some small space-time region 3. It quickly decays into a pair of
photons. Suppose we have photon counters in space-time regions 1 and 2 so
located with respect to 3 that when one photon falls on 1, the second falls
(or nearly always does) on 2. If the n°is at rest the counters must be equally
far away in opposite directions and their sensitive times appropriately
delayed. Of course, both photons will often miss both counters. Suppose
finally that both counters are behind filters which pass only photons with
specified linear polarization, say at angles @ and ¢ respectively to some
plane containing the axis joining the two counters.
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Let us calculate according to quantum mechanics the probability of the
various possible responses of the counters. If |6 ) denotes a photon linearly
polarized at an angle 0, then for the photons going towards the counters the
combined spin state 1s

1 (4 > 1
J2 12/ /2
where first and second ketsin each term refer to the photons going towards
regions 1 and 2, respectively. This form is dictated by considerations of

parity and angular momentum. The probability that such photons pass the
filters is then proportional to

%|<9|0><¢|§>—<9

=4|cos Osin ¢ — sin G cos ¢ |2 (18)
= }Isin (0 — ¢)I*
The corresponding factor for photon 1 to pass and photon 2 not is
<010} < ¢+

5 )~ (o5 (o +3P)

= 3|cos (0 — ¢)|
and so on. The probabilities for the various possible counting configur-
ations are then

s> =—=10)

[/
5>|0> (17)

T 2
2 )<o10)

P 2

1
2
(19)

xQQ1 . 5
p(yes, yes) = Z;EIsm 60— ¢)|

xQ1
p(yes, no) =§;5|cos(e — )
(20)

xQ 1 5
p(no, yes) = 217{5' cos (6 — ¢)|

_xQ1 . Y _E _
p(no,no)—2;5131n(9 ] +x(1 4n)+(1 x)

where x is the probability that the n° production mechanism actually
works, Q the (small) solid angle subtended by each counter at the
production point, and no allowance has been made for bad timing, bad
placing, or inefficient counting.

Now let us count 4 = + 1 for(yes/no) at 1 and B= + 1 for (yes/no) at 2.



The theory of local beables 59

Then the quantum mechanical mean value of the product is

P(8, ¢) = p(yes, yes) + p(no,no) — p(yes, no) — p(no, yes)
=1 —ﬁ(l + cos 2(6 — ¢)) (21)
4n

so that

|P(6, $)~ P(6,¢")| + P, ) + P, ¢') — 2

= Z—f: {lcos2(0 — ¢) — cos 2(8 — ¢')| — cos 2(8" — ¢) —cos 2(¢' — ¢') — 2}
(22)

The right-hand side of this expression is sometimes positive. Take in
particular
T 4 In

¢ =0, 29=Z, —2¢=2, 20 =7 (23)

in which case the factor in curly brackets is

1 1 1 1
{ } \/§+\/§+\/§+\/5 2=+2(/2-1) (24)
But if quantum mechanics were embeddable in a locally causal theory (16)
would apply, with a—0, b— ¢, and ¢ the implicit specification of the
production mechanism, held fixed in (22). The right-hand side of (22) should
then be negative. So quantum mechanics is not embeddable in a locally
causal theory as formulated above.

6 Experiments

These considerations have inspired a number of experiments. The accuracy
of quantum mechanics on the atomic scale makes it hard to believe that it
could be seriously wrong on that scale in some hitherto undiscovered way.
The ground state of the helium atom, for example, is just the kind of
correlated wave function which is embarrassing, and its energy comes out
right to very high accuracy. But perhaps it is sensible to verify that these
curious correlations persist over macroscopic distances.

Experiments so far performed do not at all approach the ideal in which
the settings of the instruments are determined only while the particles are in
flight. When they are decided in advance, in space-time regions projecting
into the overlap of the backward light cones, (16) does not follow from (12).
For it was supposed in (12) that the complete specification n of the overlap is
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the same for the various cases compared. So one can imagine a theory which
is locally causal in our sense but still manages to agree with quantum
mechanics for static instruments. But it would have to contain a very clever
mechanism by which the result registered by one instrument depends, after
a suitable time lapse, on the setting of an arbitrarily distant instrument. So
static experiments are also quite interesting.

Practical experiments are far removed from the ideal in other directions
also. Geometrical and other inefficiencies lead to counters registering
(no, no) with overwhelming probability, (yes, yes) very seldom, and (yes, no)
and (no, yes) with probabilities only weakly dependent on the settings of the
instruments. Then from (21)

P=1-¢?

with ¢2 weakly dependent on the variables, so that (16) is trivially satisfied.
The authors in general make some more or less ad hoc extrapolation to
connect the results of the practical with the result of the ideal experiment. It
isin this sense that the entirely unauthorized ‘Bell’s limit’ sometimes plotted
along with experimental points has to be understood. But such experiments
also are of very high interest. For if quantum mechanics is to fail
somewhere, and in the absence of a monstrous conspiracy, this should show
up at some point on this side of the ideal gedanken experiment.

Several of these experiments2® show impressive agreement with quantum
mechanics, and exclude deviations as large as might be suggested by the
locality inequality. Another experiment, very similar to one of those
quoted?®, is said to be in agreement with it and yet in dramatic
disagreement with quantum mechanics! And another experiment disagrees
significantly with the quantum prediction. Of course any such dis-
agreement, if confirmed, is of the utmost importance, and that independ-
ently of the kind of consideration we have been making here.

7 Messages

Suppose that we are finally obliged to accept the existence of these
correlations at long range, and the gross non-locality of nature in the sense
of this analysis. Can we then signal faster than light? To answer this we need
at least a schematic theory of what we can do, a fragment of a theory of
human beings. Suppose we can control variables like aand b above, but not
those like A and B. I do not quite know what ‘like’ means here, but suppose
that beables somehow fall into two classes, ‘controllables’ and ‘un-
controllables’. The latter are no use for sending signals, but can be used for
reception. Suppose that to 4 corresponds a quantum mechanical ‘observ-
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able’, an operator &. Then if
04/0b#0

we could signal between the corresponding space-time regions, using a
change in b to induce a change in the expectation value of & or of some
function of &

. Suppose next that what we do when we change b is to change the
quantum mechanical Hamiltonian 5 (say by changing some external field),
so that

6J‘dt‘# = %B0b

where 4 is again an ‘observable’ (i.e., an operator) localized in the region 2
of b. Then it is an exercise in quantum mechanics to show that if in a given
reference system region (2) is entirely later in time than region (1)

04 /0b=0
while if the reverse is true
04 /0b = [, — (1/h)HB]

which is again zero (for spacelike separation) in quantum field theory by the
usual local commutativity condition.

So if the ordinary quantum field theory is embedded in this way in a
theory of beables, it implies that faster than light signalling is not possible.
In this human sense relativistic quantum mechanics is locally causal.

8 Reservations and acknowledgements

Of course the assumptions leading to (16) can be challenged. Equation (22)
may not embody your idea of local causality. You may feel that only the
‘human’ version of the last section is sensible and may see some way to make
it more precise.

The space time structure has been taken as given here. How then about
gravitation?

It has been assumed that the settings of instruments are in some sense free
variables — say at the whim of experimenters — or in any case not deter-
mined in the overlap of the backward light cones. Indeed without such
freedom I would not know how to formulate any idea of local causality,
even the modest human one.

This paper has been an attempt to be rather explicit and general about
the notion of locality, along lines only hinted at in previous publications
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(Refs. 2,4, 10, 19). As regards the literature on the subject, I am particularly
conscious of having profited from the paper of Clauser, Horne, Holt and
Shimony?, which gave the prototype of (16), and from that of Clauser and
Horne!S. As well as a general analysis of the topic this last paper contains a
valuable discussion of how best to apply the inequality in practice; I am
indebted to it in particular for the point that in two-body decays (as
compared with three- } the basic geometrical inefficiencies enter in (22) in a
relatively harmless way. I have also profited from many discussions of the
whole subject with Professor B. d’Espagnat.
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Locality in quantum mechanics: reply to critics

The editor has asked me to reply to a paper, by G. Lochak®, refuting
a theorem of mine on hidden variables. If I understand correctly, Lochak
finds that I failed somehow to allow for the effect on these variables of
the measuring equipment. I will try to explain why I do not agree. The
opportunity will also be taken here to comment on another refutation?,
by L. de la Pefia, A. M. Cetto and T. A. Brody, and on another® by L.
de Broglie. Yet another refutation of the same theorem, by J. Bub*, has
already been refuted by S. Freedman and E. P. Wigner>.

Let us recall a typical context to which the theorem is relevant. A ‘pair
of spin 4 particles’ is produced in a space-time region 3 and activates
counting systems, preceded by Stern—-Gerlach magnets, in space—time
regions 1 and 2. The system at 1 is such that one of two counters (‘up’
or ‘down’) registers each time the experiment is done; correspondingly we
label the result there by 4 (= + 1 or — 1). Likewise the system at 2 is
such that one of two counters registers each time the experiment is done,
giving B (= + 1 or —1). We are interested in correlations between the
counts in 1 and 2, and define a correlation function

AB
which is the average of the product of A and B over many repetitions of
the experiment.

Now it would certainly be better to give a purely operational, techno-
logical, macroscopic, description of the equipment involved. This would
avoid completely any use of words like ‘particle’ and ‘spin’, and so avoid
the possibility that someone feels obliged to form a personal microscopic
picture of what is going on. But it would take quite long to give such a
purely technological specification. So, please accept that the words
‘particle’ and ‘spin’ are used here only as part of a conventional shorthand,
to invoke without lengthy explicit description the kind of experimental

equipment involved, and with no commitment whatever to any picture
of what, if anything, really causes the counters to count.
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Suppose that part of the specification of the equipment is by two unit
vectors 4 and b (e.g., the directions of certain magnetic fields at 1 and 2).
Then according to ordinary quantum mechanics situations exist for which

AB=—4a'b (1)
to good accuracy.

Actually 1t is this last statement which is challenged by de Broglie.
Although his paper is called ‘Sur la réfutation du théoréme de Bell’, it is
not in fact concerned with any reasoning of mine. He is of the opinion
that the correlation function (1) simply cannot occur for macroscopic
separations, either in nature or in ordinary quantum mechanics: ‘Nous
échappons complétement a cette objection puisque, pour nous, les mesures
du spin sur des électrons éloignés ne sont pas corrélées’. As regards ordinary
quantum mechanics, de Broglie disagrees here with most students of the
subject, and I am unable to follow his reasons for doing so. As regards
nature, he seems to disagree also with experiment®.

Now we investigate the hypothesis that the final state of the system, in
particular A and B, would be fully determined by the equations of some
theory if the initial conditions were fully specified. So to parameters lke
4 and b, subject to experimental manipulation, we add a list of hypothetical
‘hidden’ parameters 4. We can take these A to be the initial values (say
just after the action of the source) of some corresponding dynamical
variables. We have no interest in what subsequently happens to these
variables except in so far as they enter into the measurement results A
and B. But in so far as they do enter into A and B we allow fully for the
effect of the measuring equipment by allowing A and B to depend not only
on the initial values A of the hidden parameters but also on the parameters
d and b, specifying the measuring devices:

A(4,b, 2)

B(@, b, 3) @

We have no need to enquire into the precise nature of this dependence
on & and b, nor into how it comes about, whether by the effect of the
measuring equipment on the hidden variables of which the A are the initial
values, or otherwise.

Can one find some functions (2) and some probability distribution p(1)
which reproduces the correlation (1)? Yes, many, but now we add the
hypothesis of locality, that the setting b of a particular instrument has no
effect on what happens, A4, in a remote region, and likewise that 4 has no
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effect on B;:

A4, 2)

B(b, A) )

With these local forms, it is not possible to find functions A and B and a
probability distribution p which give the correlation (1). This is the
theorem. The proof will not be repeated here.

Lochak illustrates the way in which the output of a single instrument
A depends on its setting 4, as allowed for in (3), in the hidden parameter
theory of de Broglie. I think this is very instructive. But more instructive
for the present purpose is the case of two instruments and two particles.
Then one finds that in de Broglie’s theory the dependence is not of the local
form (3) but of the nonlocal form (2). I have made this point on several
occasions, in two of the three papers referred to by Lochak and elsewhere’.
It may be that Lochak has in mind some other extension of de Broglie’s
theory, to the more-than-one-particle system, than the straightforward
generalization from 3-to 3N dimensions that I considered. But if his
extension is local it will not agree with quantum mechanics, and if it agrees
with quantum mechanics it will not be local. This is what the theorem says.

The objection of de la Pena, Cetto, and Brody is based on a misinter-
pretation of the demonstration of the theorem. In the course of it reference
is made to

A&,Y) , Bb,)
as well as
A4,7) , B, 4)

These authors say ‘Clearly, since A, A’, B, B’ are all evaluated for the
same 4, they must refer to four measurements carried out on the same
electron—positron pair. We can suppose, for instance, that A’ is obtained
after A, and B’ after B”. But by no means. We are not at all concerned
with sequences of measurements on a given particle, or of pairs of
measurements on a given pair of particles. We are concerned with
experiments in which for each pair the ‘spin’ of each particle is measured
once only. The quantities

A@,2) , B(b,3)
are just the same functions
AB,%) , B,

with different arguments.
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How to teach special relativity

I have for long thought that if I had the opportunity to teach this
subject, [ would emphasize the continuity with earlier ideas. Usually it is
the discontinuity which is stressed, the radical break with more primitive
notions of space and time. Often the result is to destroy completely the
confidence of the student in perfectly sound and useful concepts already
acquired?.

If you doubt this, then you might try the experiment of confronting
your students with the following situation?. Three small spaceships, A, B,
and C, drift freely in a region of space remote from other matter, without
rotation and without relative motion, with B and C equidistant from A
(Fig. 1).

On reception of a signal from A the motors of B and C are ignited
and they accelerate gently® (Fig. 2).

Let ships B and C be identical, and have identical acceleration
programmes. Then (as reckoned by an observer in A) they will have at
every moment the same velocity, and so remain displaced one from the
other by a fixed distance. Suppose that a fragile thread is tied initially
between projections from B and C (Fig. 3). If it is just long enough to
span the required distance initially, then as the rockets speed up, it will
become too short, because of its need to Fitzgerald contract, and must
finally break. It must break when, at a sufficiently high velocity, the
artificial prevention of the natural contraction imposes intolerable stress.

Fig. 1.

() A
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Is it really so? This old problem came up for discussion once in the
CERN canteen. A distinguished experimental physicist refused to accept
that the thread would break, and regarded my assertion, that indeed it
would, as a personal misinterpretation of special relativity. We decided
to appeal to the CERN Theory Division for arbitration, and made a (not
very systematic) canvas of opinion in it. There emerged a clear consensus
that the thread would not break!

Of course many people who give this wrong answer at first get the right
answer on further reflection. Usually they feel obliged to work out how
things look to observers B or C. They find that B, for example, sees C
drifting further and further behind, so that a given piece of thread can no
longer span the distance. It is only after working this out, and perhaps
only with a residual feeling of unease, that such people finally accept a
conclusion which is perfectly trivial in terms of A’s account of things,
including the Fitzgerald contraction. It is my impression that those with
a more classical education, knowing something of the reasoning of Larmor,
Lorentz, and Poincare, as well as that of Einstein, have stronger and
sounder instincts. I will try to sketch here a simplified version of the
Larmor-Lorentz—Poincare approach that some students might find
helpful.

Some familiarity with Maxwell’s equations is assumed, so that the
calculation of the field of a moving point charge can be followed, or at
least the result accepted without mystification. For a charge Ze moving
with constant velocity V along the z axis the nonvanishing field compo-

nents are: \

E,=Zez'(x* + y* + /%) 732

E, = Zex(x® + y* + z'?)"32(1 — V%/c?)~ 1/
E,=Zey(x*+ y* + 23731 = VZ/cH)~ 12 ¢ (1)
B,= —(V/c)E,
B, = +(V/c)E,

Fig. 2. Fig 3.
T ] Hnnmn
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where
7 =(z—zp(t))(1 — V?/c?) 72 )

and z,(t) 1s the position of the charge at time ¢. For a charge atrest, V =0,
this is just the familiar Coulomb field, spherically symmetrical about the
source. But when the source moves very quickly, so that V2/c? is not very
small, the field is no longer spherically symmetrical. The magnetic field is
transverse to the direction of motion and, roughly speaking, the system
of lines of electric field is flattened in the direction of motion (Fig. 4).

In so far as microscopic electrical forces are important in the structure of
matter, this systematic distortion of the field of fast particles will alter the
internal equilibrium of fast moving material. It is to be expected therefore
that a body set in rapid motion will change shape. Such a change of shape,
the Fitzgerald contraction, was in fact postulated on empirical grounds
by G.F. Fitzgerald in 1889 to explain the results of certain optical
experiments.

electric field of and of source moving
source at rest in z direction

Fig. 5.
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The simplest piece of matter that we can discuss in this connection is
a single atom. In the classical model of such an atom a number of electrons
orbit around a nucleus. For simplicity take only one electron, and ignore
the effect, on the relatively masssive nucleus, of the field of the electron.
The dynamical problem is then that of the motion of the electron in the
field of the nucleus. Let us start with the nucleus at rest and the electron,
for simplicity, describing a circular orbit (Fig. 5).

What happens to this orbit when the nucleus is set in motion?*

If the acceleration of the nucleus is quite gentle, its field differs only
slightly from (1). Moreover, the accurate expression is known®,

In this field we have to solve the equation of motion for the electrons

W eE+c i, x B 0)

ds
where r, is the electron position and the fields in (3) are evaluated at that
position. At low velocity, momentum and velocity are related by

f,=p/m 4

But this familiar formula proves inadequate for high velocities. It would
imply that by acting for long enough with a given electric field an electron
could be taken to arbitrarily high velocity. But experimentally it is found
that the velocity of light is a limiting value. The experimental facts are
fitted by a modified formula proposed by Lorentz

f. =p//m?+pic? o)

This is what we take together with (3).
One can programme a computer to integrate these equations. Let the
computer print out as a function of time the displacement

re(t) - rN(t)

of the electron from the nucleus. Suppose the nucleus to move along the
z axis, and the electron to orbit in the xz plane. Then if the acceleration
of the nucleus is sufficiently gradual®, the initially circular orbit deforms
slowly into an ellipse, as in Fig. 6.

That is to say that the orbit retains its original extension in the direction
transverse to the motion of the system as a whole, but contracts in the
direction along that motion. The contraction is to a fraction

J1—=V?c? (6)

of the original — the Fitzgerald contraction — where V is the velocity of
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Fig. 6.
Xe "XN

Z,~Zy

orbit in atom and of source moving
at rest in z direction

the nucleus during the orbit in question. Moreover, this is performed in
a period exceeding the original period by a factor

1//1—V?/c? (7

— the time-dilation of J. Larmor (1900).
If the period of the system at rest is T, then the total number of
revolutions during a journey of time ¢ with proton velocity V(¢) is

T ! J‘dt\/l ~ ¢V (r)? (8)
0

— which is less than that for a similar system at rest, even if the moving
system is both initially and finally also at rest and initially and finally in
the same position. This straightforward result of computation is the origin
of the ‘paradox’ of the travelling twin (Le Voyageur de Langevin, en
francais).

These results suggests that it may be useful to describe the moving
system in terms of new variables which incorporate the Fitzgerald and
Larmor effects:

\

2=z~ zy(t))/ /1 — 2V (1)’

X'=x y=y

| > ©)
t =J di\/T=c V(@R —c2V()Z’
0 J

The motivation for the last term in the definition of ¢' is not obvious, but
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emerges from more detailed examination of the orbit. Including this term,
the orbit

Z(t) , Xt (10)

is not merely circular, with period T, but is swept out with constant
angular velocity. That 1s, the description of the orbit of the moving atom in
terms of the primed variables is identical with the description of the orbit of the
stationary atom in terms of the original variables.

As regards the electromagnetic field we have already profited from the
use of the variable z’ in writing (1). Going further in this direction, one
can introduce

E,=(E,—c 'VB)./1—c" V2
E,=(E,+c VB, /1—c V?
E.=E,

B, =(B,+c¢ 'WE)./1—c?V? r
B,=(B,—c 'WWE)//1—c2V?

B.=B,

(11

Then it is easy to check that the expression of the field of the uniformly
moving charge in terms of the primed variables is identical with the expression
of the field of the stationary charge in terms of the original variables.

We have been speaking of a gently accelerated atom. So the velocity V
always remains essentially constant during many revolutions of the
electron. During any such interval, one can arrange that

fdr\/l—c-ZV(r)z_—.t./l—c-ZVz (12)
0

zy(t) =Vt (13)

by a suitable choice of the origin of z and ¢. Then (9) can be rewritten

zZ=@z-V/J1—-Vc*

x'=x
, )
y=y

t=(t—Vx/c?)/ /1 —V?*c?

This is then the standard form of what is called a Lorentz transformation.
That the use of such variables enables the moving atom to be described
by the functions appropriate to the stationary atom is an illustration of

(14)
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the following exact mathematical fact. When Maxwell’s equations

10E, 0B, _ 0B,
cot dy oz

, etc. (15)

and the Lorentz equations

%= —eE+c'r,xB)]

: (16)
dr, —
vl (VLR S

are expressed in terms of the new variables (11) and (14) they have exactly
the same form as before
1 OE’, _ 0B, 0B, etc
cot oy oz

dp’
gl

dr, ——
Et—f:p’/\/r?+c 2p’?

(where the last equation can be taken as defining p’). The equations are
said to be Lorentz invariant. From any solution of the original equations,
involving certain mathematical functions (e.g., the Coulomb field and the
circular orbit in the stationary atom), one can construct a new solution
by putting primes on all the variables and then eliminating these primes
by means of (11) and (14) (giving, e.g., the flattened field and ellipitcal
orbit of the moving atom). Moreover, by a trivial extension this reasoning
applies not only to a single electron interacting with a single electro-
magnetic field, but to any number of charged particles, each interacting
with the fields of all others. This allows an extension to very complicated
systems of some of the results described above for the simple atom. Given
any state of the complicated system, there is a corresponding ‘primed’ state
which is in overall motion with respect to the original, shows the Fitzgerald
contraction, and the Larmor dilation. Suppose, for example, in the original
state all particles are permanently inside a region bounded by

\

=—eE +c 'r.xB) { (17)

z=+L/2
then the corresponding primed state has boundaries

z=++LJ2
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or from (14)

z=Vt + 2L /L - V¥c?

i.e., they move with the velocity V and are closer together by the Fitzgerald
factor.

Suppose next that in the original state something happens (e.g, an
electron passes) at a place x = x,,y = y,,z=z, at time ¢,, and again at the

same place at time ¢,. Then the corresponding events in the primed state
occur at

’

X'=x, y=y, Z=z, t'=t,t,
or (solving (14)) at

X=Xy ¥Y=nh
z, + Vi, z, + Vi,
J1=V3cr 1=Vt
= ty+ Vzi/e ty+ Vay/c?
J1=V¥E J1=V¥e

The place of occurrence moves with velocity V, and the time interval
between the two events increases by the Larmor factor.

Can we conclude then that an arbitrary system, set in motion, will show
precisely the Fitzgerald and Larmor effects? Not quite. There are two
provisos to be made.

The first 1s this: the Maxwell-Lorentz theory provides a very inadequate
model of actual matter, in particular solid matter. It is not possible in a
classical model to reproduce the empirical stability of such matter.
Moreover, things are made worse when radiation reaction is included.
Moving charges in general radiate energy and momentum, and because
of this there are extra small terms in the equation of motion. Even in the
simple hydrogen atom the electron then spirals in towards the proton
instead of remaining in a stable orbit. These problems were among those
which led to the replacement of classical by quantum theory. Moreover,
even in the quantum theory electromagnetic interactions turn out to be
not the only ones. For example, atomic nuclei are apparently held together
by quite different ‘strong’ interactions. We do not need to get involved in
these details if we assume with Lorentz that the complete theory is Lorentz
invariant, in that the equations are unchanged by the change of variables
(14), supplemented by some generalization of (13) to cover all the quantities
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in the theory. Then for any state there is again a corresponding primed
state, showing the Fitzgerald and Larmor effects.

The second proviso is this. Lorentz invariance alone shows that for any
state of a system at rest there is a corresponding ‘primed’ state of that system
inmotion. But it does not tell us that if the system is set anyhow in motion, it
will actually go into the ‘prime’ of the original state, rather than into the
‘prime’ of some other state of the system at rest. In fact, it will generally do
the latter. A system set brutally in motion may be bruised, or broken, or
heated, or burned. For the simple classical atom similar things could have
happened if the nucleus, instead of being moved smoothly, had been jerked.
The electron could be left behind completely. Moreover, a given acceler-
ation is or is not sufficiently gentle depending on the orbit in question. An
electron in a small, high frequency, tightly bound orbit, can follow closely a
nucleus that an electron in a more remote orbit — or in another atom —
would not follow at all. Thus we can only assume the Fitzgerald
contraction, etc., for a coherent dynamical system whose configuration is
determined essentially by internal forces and only little perturbed by gentle
external forces accelerating the system as a whole. Let us do so.

Then, for example, in the rocket problem of the introduction, the material
of the rockets, and of the thread, will Lorentz contract. A sufficiently strong
thread would pull the rockets together and impose Fitzgerald contraction
on the combined system. But if the rockets are too massive to be
appreciably accelerated by the fragile thread, the latter has to break when
the velocity becomes sufficiently great.

So far we have discussed moving objects, but not yet moving subjects. The
question of moving observers is not entirely academic. Quite apart from
people in rockets, it seems reasonable to regard the earth itself, orbiting the
sun, as moving — at least for much of the year’. The important point to be
made about moving observers is this, given Lorentz invariance: the primed
variables, introduced above simply for mathematical convenience, are pre-
cisely those which would naturally be adopted by an observer moving with
constant velocity who imagines herself to be at rest. Moreover, such an
observer will find that the laws of physics in these terms are precisely those
that she learned when at rest (if she was taught correctly).

Such an observer will naturally take for the origin of space coordinates a
point at rest with respect to herself. This accounts for the V¢ term in the

relation
Z=@z—-Vi)J1-V?/c?

The factor ./ 1 — V?/c? is accounted for by the Fitzgerald contraction of
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her metre sticks. But will she not see that her metre sticks are contracted
when laid out in the z direction — and even decontract when turned in the x
direction? No, because the retina of her eye will also be contracted, so that
just the same cells receive the image of the metre stick as if both stick and
observer were at rest. In the same way she will not notice that her clocks
have slowed down, because she will herself be thinking more slowly.
Moreover, imagining herself to be at rest, she will not know that light
overtakes her, or comes to meet her, with different relative velocities ¢ + v.
This will mislead her in synchronizing clocks at different places, so that she
is led to think that

t— Vz/c?

J1—V?/c?

is the real time, for with this choice light again seems to go with velocity c in
all directions. This can be checked directly, and is also a consequence of the
prime Maxwell equations. In measuring electric field she will use a test
charge at rest with respect to her equipment, and so measure actually a
combination of E and B. Defining both E and B by requiring what looks
like the familiar effects on moving charged particles, she will be led rather to
E’and B'. Then she will be able to verify that all the laws of physics are as she
remembers, at the same time confirming her own good sense in the
definitions and procedures that she has adopted. If something does not
come out right, she will find that her apparatus is in error (perhaps damaged
during acceleration) and repair it.

Our moving observer O, imagining herself to be at rest, will imagine that
it is the stationary observer O who moves. And it is as easy to express his
variables in terms of hers as vice versa

=

) ( '

X=x y=y x=x"y=y

,_ z=Vi ;e Z+Vt
J1=V¥}c i e{ J1-V??

, ' —Vz/c? = t+VzZ/c?
J1=V2?/c? VA

Only the sign of V changes. She will say that his metre sticks have
contracted, that his clocks run slow, and that he has not synchronized
properly clocks at different places. She will attribute his use of wrong
variables to these Fitzgerald-Larmor-Lorentz—Poincaré effects in his
equipment. Her view will be logically consistent and in perfect accord with
the observable facts. He will have no way of persuading her that she is
wrong.
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This completes the introduction to what has come to be called ‘the special
theory of relativity’. It arose from experimental failure to detect any change,
in the apparent laws of physics in terrestrial laboratories, with the slowly
changing orbital velocity of the earth. Of particular importance was the
Michelson—-Morley experiment, which attempted to find some difference in
the apparent velocity of light in different directions.

We have followed here very much the approach of H. A. Lorentz.
Assuming physical laws in terms of certain variables (¢, x, y, z), an
investigation is made of how things look to observers who, with their
equipment, in terms of these variables, move. It is found that if physical laws
are Lorentz invariant, such moving observers will be unable to detect their
motion. As a result it is not possible experimentally to determine which, if
either, of two uniformly moving systems, is really at rest, and which moving.
All this for uniform motion: accelerated observers are not considered in the
‘special’ theory.

The approach of Einstein differs from that of Lorentz in two major ways.
There is a difference of philosophy, and a difference of style.

The difference of philosophy is this. Since it is experimentally impossible
to say which of two uniformly moving systems is really at rest, Einstein
declares the notions ‘really resting’ and ‘really moving’ as meaningless. For
him only the relative motion of two or more uniformly moving objects is
real. Lorentz, on the other hand, preferred the view that there is indeed a
state of real rest, defined by the ‘aether’, even though the laws of physics
conspire to prevent us identifying it experimentally. The facts of physics do
not oblige us to accept one philosophy rather than the other. And we need
not accept Lorentz’s philosophy to accept a Lorentzian pedagogy. Its
special merit is to drive home the lesson that the laws of physics in any one
reference frame account for all physical phenomena, including the observ-
ations of moving observers. And it is often simpler to work in a single frame,
rather than to hurry after each moving object in turn.

The difference of style is that instead of inferring the experience of moving
observers from known and conjectured laws of physics, Einstein starts from
the hypothesis that the laws will look the same to all observers in uniform
motion. This permits a very concise and elegant formulation of the theory,
as often happens when one big assumption can be made to cover several less
big ones. There is no intention here to make any reservation whatever
about the power and precision of Einstein’s approach. But in my opinion
there is also something to be said for taking students along the road made
by Fitzgerald, Larmor, Lorentz and Poincaré®. The longer road sometimes
gives more familiarity with the country.

In connection with this paper I warmiy acknowledge the counsels of
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M. Bell, F. Farley, S. Kolbig, H. Wind, A. Zichichi and H. Qveras. I thank
especially H. D. Deas for discussion of these ideas at an early stage.

Notes and references

1 Notes are to be ignored in a first reading.

2 E. Dewan & M. Beran, Am. J. Phys. 27, 517, 1959. A. A. Evett & R. K. Wangsness,
Am. J. Phys. 28, 566, 1960. E. M. Dewan, Am. J. Phys. 31, 383, 1963. A. A. Evett,
Am. J. Phys. 40, 1170, 1972.

3 Violent acceleration could break the thread just because of its own inertia while
velocities are still small. This is not the effect of interest here. With gentle
acceleration the breakage occurs when a certain velocity is reached, a function of
the degree to which the thread permits stretching beyond its natural length.

4 This method of acceleration, applying somehow a force to the nucleus without any
direct effect on the electron, is not very realistic. However, as explained later, it
follows from Lorentz invariance and stability considerations that any sufficiently
smooth acceleration process will produce the same Fitzgerald contraction and
Larmor dilation. The student is invited to attach a meaning to this statement also
in the more general cases of non-circular orbits and when the acceleration is not in
the plane of the orbit.

5 For a source of charge Ze the fields are®, in c.g.s. units,

2
E=ﬁ{(r-rﬂ)(l —Q)+((r~—r[v—}) x@)} (5.1)
s3 c c? c c?

B=rxE/r
where r=r,—[ry]
s=r—r[v]/c.
These are the fields at position r, at time ¢ due to a source which at the retarded time
t—rfc (5.2)
had position, velocity, and acceleration
[ra]. [v1.[A]

Because of the appearance of r in the retarded time (5.2), which is itself needed
to calculate r, these equations are less explicit than could be desired.

However, if one starts with a situation in which the source has been at rest for
some time, r is initially just the instantaneous distance to the source. One can keep
track of it subsequently by integrating the differential equation

dr
—=5""'r({E—[v]) (5.3)
dt

which follows from

r*=(r,— [ry])(r. — [14])

on differentiating with respect to time, noting that

d (1 dr)
d_t[rN} =[v] "E
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In the particular case of uniform motion, A = 0, the retarded quantities can be
expressed in terms of unretarded ones:

[A]=A=0 1
[v] = v = constant
[rv] =15 —vr/c 3 (5.4)
¢y (r, — )+ /(67 1V (r, — F) + (1. — 102 (1 — v3/c?)
B (1 — v/c?) J

the last expression being the solution of
r’=(r.—ry+c 'rv)?

With these expressions (5.1) reduces to (1).
6 To verify this for the hydrogen atom (Z = 1) with a realistic orbit radius, e.g., the

Bohr radius
hmcZo)™ ' /1 — (Za)?

where « is the fine structure constant, ~ 1/137, might require much computing
time. The acceleration has to be very gentle, because the internal forces are weak,
and because the orbit is close to an ‘integral resonance instability’ (in the language
of particle accelerator theory). Taking a larger value of Z, e.g. Z ~ 70, much larger
accelerations are possible and a modest computing time suffices. The idea of
obtaining the Fitzgerald and Larmor effects in such a system, by straight-

forward integration of equations of motion, was perhaps suggested to me by a
remark of J. Larmor?®.

7 Conceivably the motion of the earth relative to the sun, and the motion of the sun
itself relative to whatever inertial frame we adopt, could conspire to make the
earth itself momentarily at rest. But this situation would not persist as the earth
continues round the sun, assuming the latter to move rather uniformly. By the
way, the orbital velocity of the earth is about 3 x 10° cm/sec. The velocity of the
earth’s surface relative to the centre, due to the daily rotation, is about one
hundredth of this.

8 The only modern text-book taking essentially this road, among those with which I
am acquainted, seems to be that of L. Janossy: Theory of Relativity Based on
Physical Reality, Académiaia Kiado, Budapest (1971).

9 These fields follow from the point-source retarded potentials of Lienard (1898) and
Wiechert (1900). See, for example, W. K. H. Panofsky and M. Phillips: Classical
Electricity and Magnetism. Addison-Wesley (1964), Egs. 20-13, 20-15.
Unfortunately, for our purpose, in modern textbooks this material is usually
presented after chapters on relativity. But the incidental reference to relativity,
which can then appear, can be disregarded; the business at hand is just the writing
down of certain solutions of Maxwell’s equations.

10 J. Larmor, Aether and Matter. Cambridge (1900) p. 179. The example is used by
Larmor to illustrate a very general correspondence between stationary and moving
systems, based on what is now called the Lorentz invariance of the Maxwell
equations, which Larmor establishes to second order in v/c. Note that he does not
write separate equations for the motion of sources, like our (3) and (5). He seems to
have in mind a model in which the motion of singularities is dictated somehow by
the field equations, in analogy with the motion of vortex lines in hydrodynamics.
Larmor summarizes his general conclusions on p. 176:

‘We derive the result, correct to the second order, that if the internal forces of a
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material system arise wholly from electrodynamic actions between the systems of
electrons which constitute the atoms, then an effect of imparting to a steady
material system a uniform velocity of translation is to produce a uniform
contraction of the system in the direction of the motion, of amount ¢~ '/? or

1 — 1/2v%/C?. The electrons will occupy corresponding positions in this contracted
system, but the aethereal displacements in the space around them will not
correspond: if (f,g, h) and (a, b, c) are those of the moving system, then the electric
and magnetic displacements at corresponding points of the fixed systems will be
the values that the vectors

142 -172 g — C,h+ b)
¢ (8 1.6 4nG? 4nC?

and
"%~ Y2a, b + 4mvh, c — 4nvg)

had at a time const. + vx/C? before the instant considered when the scale of time
is enlarged in the ratio ¢!/%’,

The special example is described on p. 179:

‘As a simple illustration of the general molecular theory, let us consider the
group formed of a pair of electrons of opposite signs describing steady circular
orbits round each other in a position of rest. (The orbital velocities are in this
illustration supposed so small that radiation is not important): we can assert from
the correlation, that when this pair is moving through the aether with velocity v in a
direction lying in the plane of their orbits, these orbits relative to the translatory
motion will be flattened along the direction of v to ellipticity 1 — 1/2v?/C?, while
there will be a first-order retardation of phase in each orbital motion when the
electron is in front of the mean position combined with acceleration when behind
it so that on the whole the period will be changed only in the second-order ratio
1 + 1/2v*/C?. The specification of the orbital modification produced by the translatory
motion, for the general case when the direction of that motion is inclined to the
plane of the orbit, may be made similarly: it can also be extended to an ideal
molecule constituted of any orbital system of electrons however complex’.

I think it may be pedagogically useful to start with the example, integrating the
equations in some pedestrian way, for example by numerical computation. The
general argument, involving as it does a change of vaniables, can (I fear) set off
premature philosophizing about space and time.

Note that W. Rindler, Am. J. Phys. 38(1970), 1111, finds Larmor insufficiently
explicit about time dilation:

‘Apparently no one before Einstein in 1905 voiced the slightest suspicion that all
moving clocks might go slow’.
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Einstein—Podolsky—Rosen experiments

I have been invited to speak on ‘foundations of quantum mechanics’ — and
to a captive audience of high energy physicists! How can I hope to hold the
attention of such serious people with philosophy? I will try to do so by
concentrating on an area where some courageous experimenters have
recently been putting philosophy to experimental test.

The area in question is that of Einstein, Podolsky, and Rosen?®. Suppose
for example?3, that protons of a few MeV energy are incident on a
hydrogen target. Occasionally one will scatter, causing a target proton to
recoil. Suppose (Fig. 1) that we have counter telescopes T, and T, which
register when suitable protons are going towards distant counters C; and
C,. With ideal arrangements registering of both T, and T, will then imply
registering of both C; and C, after appropriate time decays. Suppose next
that C, and C, are preceded by filters that pass only particles of given

Fig. 1. Proton—proton scattering gedanken experiment.

Incident proton Telescope T,

Hydrogen target Telescope T,

ter 2
Spin filter 2 {ounter
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polarization, say those with spin projection + 3 along the z axis. Then one
or both of C, and C, may fail to register. Indeed for protons of suitable
energy one and only one of these counters will register on almost every
suitable occasion ~ i.e., those occasions certified as suitable by telescopes*
T, and T,. This is because proton—proton scattering at large angle and low
energy, say a few MeV, goes mainly in S wave. But the antisymmetry of the
final wave function then requires the antisymmetric singlet spin state. In
this state, when one spin is found ‘up’ the other is found ‘down’. This follows
formally from the quantum expectation value

{singlet|a,(1)0,(2)|singlet> = — 1

where 1 ¢,(1) and 1 ¢,(2) are the z component spin operators for the two
particles.

Suppose now the source—counter distances are such that the proton
going towards C, arrives there before the other proton arrives at C,.
Someone looking at counter C, will not know in advance whether it will or
will not register. But once he has noted what happens to C, at the
appropriate time, he immediately knows what will happen subsequently to
C,, however far away C, may be.

Some people find this situation® paradoxical. They may, for example,
have come to think of quantum mechanics as fundamentally indetermin-
istic. In particular they may have come to think of the result of a spin
measurement on an unpolarized particle (and each particle, considered
separately, is unpolarized here) as utterly indefinite until it has happened.
And yet here is a situation where the result of such a measurement is
perfectly definitely known in advance. Did it only become determined at the
instant when the distant particle passed the distant filter? But how could
what happens a long way off change the situation here? Is it not more
reasonable to assume that the result was somehow predetermined all along?

I will discuss briefly three ways of responding to this situation, which may
be respectively characterized by the following three questions:

Why worry?
But is not all this just like classical physics?
But is it really true?

Why worry?

It can be argued that in trying to see behind the formal predictions of
quantum theory we are just making trouble for ourselves. Was not precisely
this the lesson that had to be learned before quantum mechanics could be
constructed, that it is futile to try to see behind the observed phenomena?
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Moreover we learn again from this particular example that we must
consider the experimental arrangement as a whole. We must not try to
analyse it into separate pieces, with separately localized quotas of
indeterminacy. By resisting the impulse to analyze and localize, mental
discomfort can be avoided.

This is, as far as I understand it, the orthodox view, as formulated by
Bohr® in his reply to Einstein, Podolsky, and Rosen. Many people are quite
content with it.

But is not all this just as in classical physics?

Similar correlations do indeed exist in classical physics, and surprise
nobody. Suppose I take from my pocket a coin and, without looking at it,
split it somehow down the middle so that the head and tail are separated.
Suppose then that, still without anyone looking, the two different pieces are
pocketed by two different people who go on different journeys. The first to
look, finding that he has head or tail, will know immediately what the
other will subsequently find. Are the quantum mechanical correlations any
different? Indeed they are not, according to Einstein’, if I have understood
him correctly. In the example of the coin, the head and the tail were head
and tail all along, even while hidden. The person who first looked was just
the first to know. But in fact everything was determined from the handing
over the pieces (and even before, in fully deterministic classical theory). It is
by not explicitly containing the ‘hidden variables’ reading already head or
tail, (or ‘up’ or ‘down’), before observation, that quantum mechanics makes
a mystery of a perfectly simple situation. So for Einstein®:

The statistical character of the present theory would then have to be a
necessary consequence of the incompleteness of the description of the
systems in quantum mechanics, and there would no longer exist any
ground for the supposition that a future... physics must be based
upon statistics. ..

That the apparent indeterminism of quantum phenomena can be
simulated deterministically is well known to every experimenter. It is now
quite usual, in designing an experiment, to construct a Monte Carlo
computer programme to simulate the expected behaviour. The running of
the digital computer is quite deterministic — even the so-called ‘random’
numbers are determined in advance. Every such programme is effectively
an ad hoc deterministic theory, for a particular set-up, giving the same
statistical predictions as quantum mechanics.

It is interesting to follow this up a little in the above case of counter
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correlations. Let 4 be a variable which takes the values + 1 according to
whether counter 1 does or does not register. Let B= + 1 be a similar
variable describing the response of counter 2. Let 4 and B be determined by
variables A, 4, v..., some of which may be random numbers:

A(A i, v,...)
B(A, p,v,...)

There are infinitely many ways of choosing such variables and such
functions so that B= — 1 whenever A = + 1, and vice versa. The quantum
mechanical correlations are then reproduced.

Consider, however, a variation on the experiment. Instead of having both
filters pass spins pointing in the z direction, let the two filters be rotated, to
pass spins pointing in some other directions. Let the filter associated with
the first counter pass spins pointing along some unit vector a, and that
associated with the second counter pass spins pointing along some unit
vector b. For given values of the hidden variables 4, g, v, .. . the response 4 of
the first counter may well depend now on the orientation a of its own filter.
But one would not expect 4 to depend on the orientation b of the distant
second filter. And one could expect the response B of the second counter to
depend on the local condition b, but not on the condition a of the remote
instrument:

A@@, i, v,...)

B(b, A, u,v,...)

Let the correlation function P(a, b) be defined as the mean value of the
product AB:

P(a,b)= A(a, 2, u,v,...)B(b, A, i1, v,...) (1)

where the bar denotes averaging over some distribution of variables
A v,...
For this more general situation the quantum prediction is

P(a, b) = {singlet|a-a(1)b-a(2)|singlet) = — cos 6 (2)

where @ is the angle between a and b. Can we, by some clever scheme of
variables 4, i, v, ... and functions A, B, arrange that the average (1) has the
value (2)? The answer is ‘no’.

Suppose, for example, we arrange that (1) equals (2) fora=b, ie, 6 =0:

P(a,b)=—1 for a=b

Then 4 and B must have opposite signs every where in the 4, i, v, ... space.
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Consider now what happens when a is varied to some new value a’. B (which
isindependent of a by hypothesis) does not change for given 4, i, v,... But A
will change sign at certain points, and these points will contribute AB = + 1
instead of AB= — 1 in the average (1). So

P(d’,a)— P(a,a)=2p

where p is the total probability of the set of points 4, 4, v,... at which 4
changes sign. Now this set of points, at which A changes sign when a is
varied to a’, in no way depends on b. It follows from (1), and from B = + 1,
that

|P(d’,b) — P(a,b)] < 2p

So of all valuesb, b= a is that for which P varies most rapidly with a. Unlike
the quantum correlation (2), which is stationary in 8 at § =0, at the hidden
variable correlation (1) must have a kink there (Fig. 2).

One could, of course, get the quantum mechanical result from a more
general hidden variable representation in which A depends on b as well as a,
or B on a as well as b:

A@,b, L, v,..))

B(a,b, A, p,v,...)
But this would make the behaviour of a counter dependent on what is done
at a distant place. This would seen strange enough with a and b constant,

but suppose now that these settings vary with time. Then according to
quantum mechanics the relevant values of a and b are those obtained when

Fig. 2. Behaviour of correlation P near =0, P= — 1.
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the particles pass through the corresponding filters. Suppose for example
we arrange that the two passages are simultaneous. Then A4 (or B) would
have to depend instantaneously on the setting b (or a) of the distant
instrument. The causal dependence would have to propagate faster than
light.

So all this is not at all just like classical physics. Einstein argued that the
EPR correlations could be made intelligible only by completing the
quantum mechanical account in a classical way. But detailed analysis
shows that any classical account of these correlations has to contain just
such a ‘spooky action at a distance’® as Einstein could not believe in:

But on one supposition we should, in my opinion, absolutely hold
fast: the real factual situation of the system S, is independent of what

is done with the system S, which is spatially separated from the
former!®,

If nature follows quantum mechanics in these correlations, then Einstein’s
conception of the world is untenable.

But is it really true?

Well, does nature follow quantum mechanics in these matters? It might be
argued that the very general and very remarkable success of quantum
mechanics makes it pointless to do special experiments on these correla-
tions. We will just find, after a lot of trouble, that quantum mechanics is
again right. But it can also be argued that the great success of quantum
mechanics, in so far as it differs from classical mechanics, is on the
microscopic scale. Here, on the other hand, we are concerned with
specifically quantum phenomena on the macroscopic scale.

The present movement to check these things experimentally started with
the key paper of Clauser, Holt, Horne, and Shimony!!. From the basic
representation (1) they showed that

| P(a,b)— P(a,b')| + | P(d’,b)+ P(d', b)) < 2 3)

Here P is the counting correlation already defined, a and 4’ are alternative
settings of the first polarizer, and b and b’ alternative settings of the second.
It is readily seen that the quantum mechanical P, (2), for well chosen a, &
b,b’, violates (3) by afactor aslarge as \/ 2.1tis in terms of this very practical
‘locality inequality’ that the various experiments have been interpreted.
Unfortunately it is not at present possible to approach the conditions of
the ideal critical experiment. Real counters, real polarization analyzers, and
real geometrical arrangements, are together so inefficient that the quantum
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mechanical correlations are greatly diluted. The counters seldom say ‘yes,
yes’, usually say ‘no, no’, and say ‘yes no’ with a frequency only weakly
dependent on the polarizer settings. In these conditions

P(a,b) = 1 —(8(a, b))?

where 6 is small and weakly dependent on the arguments a,b. The
inequality (3) is then trivially satisfied. So it is only by allowing (in effect) for
various inefficiencies in conventional ways, and so extrapolating from the
real results to hypothetical ideal results, that the various experiments can be
said to ‘test’ the inequality. But the results are nevertheless of great interest.
Compensating failures could be imagined, of the conventional quantum
mechanics of spin correlations and of the conventional phenomenology of
the instruments, which would make the practical experiments irrelevant.
But that would seem an extraordinary conspiracy.

Of these experiments only one is concerned with the low energy pp
scattering of the above gedanken experiment. It is that of Lamehi-Rachti
and Mittig at Saclay'2. Protons of 14 MeV lab energy are scattered at alab
angle of 45°, and spin correlation of scattered and recoil protons measured.
They do not have the ideal yes—no polarization filters of the gedanken
experiment. Instead they analyze polarization by secondary scattering on
Carbon. Nor do they have the telescopes T, and T, to tell when there are
indeed suitable particles going towards the counters. This also lengthens
the extrapolation from real to ideal experiment. Nevertheless if there were
some tendency for the singlet spin state to dissipate somehow with
macroscopic separation of the particles, it should show up, barring
conspiracy, in such an experiment. The preliminary results show no such
effect. They agree with quantum mechanics and disagree (in the sense of a
certain extrapolation) with the locality inequality.

All the other experiments have been done with pairs of photons rather
than spin half particles. In the theory the two linear polarization states of
each photon replace the two spin states of each spin ; particle. Suitably
correlated photon pairs arise in the annihilation of slow positrons with
electrons. Again there are no very efficient polarization filters. The
experimenters have to resort to Compton scattering of the photons;
according to quantum mechanics the polarization correlations are then
translated into angular correlations. Such experiments have been done at
Columbia'? (Kasday, Ullman, and Wu) and at Catania'* (Faraci, Gut-
kowski, Notarrigo, and Pennisi). The Columbia result is in agreement with
quantum mechanics, and (in the extrapolated sense) in significant disagree-
ment with the inequality. The reverse is the case for the Catania experiment.
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The reasons for this discrepancy between the two experiments are not
known, as far as I can tell. .

For optical photons, in contrast with the energetic photons of positron
annihilation, efficient polarization filters are available — namely birefring-
ent crystals and ‘piles-of-plates’. Moreover suitably correlated photon pairs
are produced in certain atomic cascades. Consider for example a two
photon cascade in which initial and final atomic states have zero angular
momentum. When the two photons come off back to back their helicities
must be so correlated that there is no net angular momentum about their
common direction of motion. There is a corresponding correlation of linear
polarization states. Unfortunately the photons do not always come off back
to back, for the residual atom can take up momentum. Very often then a
‘no’ from a counter has no significance for polarization, but just means that
no photon has gone that way. This problem could be eliminated in principle
by suitable telescopes T to veto the uninteresting cases. But this has not
been possible in practice. The significance of ‘no’ from a counter is further
diminished in these experiments by the very low efficiencies of the photon
counters. So there is no question of actually realizing a system which
violates the locality inequality. But such experiments do test whether the
quantum polarization correlations persist over macroscopic distances.
Experiments have been done by Clauser and Freedman'?, on a cascade in
Calcium, by Holt and Pipkin'é and by Clauser'” on a cascade in Mercury,
and by Fry!® on another cascade in Mercury. Three of these four
experiments confirm quantum mechanics very nicely and (in the sense of
some extrapolation) disagree significantly with the locality inequality. But
for Holt and Pipkin the reverse is true. It is not understood why this
experiment disagrees with the very similar one of Clauser.

Now these experiments do not test at all what was said-to be the most
striking feature of the quantum correlations. This was their dependence
only on the instantaneous settings, during the passage of the particles, of the
polarization filters. It is therefore of very great interest that an atomic
cascade experiment is now under way in which the settings of the polarizers
are changed while the photons are in flight. Clauser'® suggested that this
might be done by the use of something like Kerr cells. But according to
Aspect?? such cells heat up too quickly and are of too low transmission to
be useful in practice. His idea is to replace each filter—counter combination
by a pair of such combinations with differently oriented filters. He thinks
that he can bring one or other orientation into play by a switching device
that can rapidly redirect the incident photon from one filter to the other. He
believes that such switching can be effected by the generation of ultrasonic
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standing waves on which the photon undergoes Bragg reflection. If this
experiment gives the expected result it will be a confirmation of what is, to
my mind, in the light of the locality analysis?’, one of the most extra-
ordinary predictions of quantum theory.

I think that future generations should be grateful to those who bring
these matters out of the realm of gedanken experiment into that of real
experiment. Moreover several of the real experiments are of great elegance.
To hear of them (not in schematic terms from a theorist but in real terms
from their authors) is, to borrow a phrase from Professor Gilberto
Bernardini, a spiritual experience.

Appendix: Einstein and hidden variables

I had for long thought it quite conventional and uncontroversial to regard
Einstein as a proponent of hidden variables, and indeed?? as ‘the most
profound advocate of hidden variables’. And so I had on several occasions
appealed to the authority of Einstein to legitimise an interest in this
question. But in so doing I have been accused, by Max Jammer? in his very
valuable book: The Philosophy of Quantum Mechanics, of misleading the
public:

One of the sources of erroneously listing Einstein among the
proponents of hidden variables was probably J. S. Bell's widely read
paper: On the Einstein—Podolsky—Rosen Paradox, Physics 1, 195-
200 (1964), which opened with the statement: ‘The paradox...was
advanced as an argument that quantum mechanics...should be
supplemented by additional variables.’... Einstein’s remarks in his
‘Reply to Criticisms’ (Ref. 4-9, p. 672), quoted by Bell in support of
his thesis, are certainly no confession of the belief in the necessity of
hidden variables. '

The remark of Einstein which I had quoted was this:

But on one supposition we should, in my opinion, absolutely hold
fast: the real factual situation of the system S, is independent of what
is done with the system S,, which is spatially separated from the
former.

The object of this quotation was to recall Einstein’s deep commitment to
realism and locality, the axioms of the EPR paper. And the quotation was
not from p.672 of Einstein’s ‘Reply to Criticisms’, but from p. 85 of his
‘Autobiographical Notes’ in the same volume?3. But turning to p. 672, I find
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the following:

Assuming the success of efforts to accomplish a complete physical
description, the statistical quantum theory would, within the frame-
work of future physics, take an approximately analogous position to
the statistical mechanics within the framework of classical mechanics.
I am rather firmly convinced that the development of theoretical
physics will be of this type; but the path will be lengthy and difficult.

This seems to me a rather clear commitment to what is usually meant by
hidden variables?*.

Other similarly clear statements are readily found?®:

I am, in fact, firmly convinced that the essentially statistical character
of contemporary quantum theory is solely to be ascribed to the fact
that this (theory) operates with an incomplete description of physical
systems.

Moreover, the Einstein—-Podolsky—Rosen paper did have the title: ‘Can
Quantum Mechanical Description of Physical Reality be Considered
Complete? And it did end with:

While we have thus shown that the wave function does not provide a
complete description of the physical reality, we left open the question
of whether or not such a description exists. We believe, however, that
such a theory is possible.

It seems to me then beyond dispute that there was at least one Einstein,
that of the EPR paper and the Schilpp volume, who was fully committed to
the view that quantum mechanics was incomplete and should be
completed — which is the hidden variable programme. Max Jammer seems
not to have found this Einstein, but claims to have found another. As
evidence he cites phrases from private letters, an oral tradition, and
Einstein’s well-known commitment to classical field theory.

Now the belief in classical field theory, in ‘Continuous functions in the
four dimensional (continuum) as basic concepts of the theory2®’, in no way
excludes belief in ‘hidden’ variables. It can be seen rather as a particular
conception of those variables.

The oral tradition was that Einstein expected quantum mechanics
ultimately to come in conflict with experiment. But if such an expectation
were to exclude him from the list of proponents of hidden variables, I doubt
it anyone could be left on it. If such a list were compiled I think it would be
of people concerned to reproduce the experimentally confirmed aspects of
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quantum mechanics but eager to find in their investigations some hint as to
where a critical experiment might be sought. Indeed few would expect the
ultimate vindication of quantum mechanics (on the statistical level) so
strongly as Einstein himself on one occasion?”: ‘The formal relations which
are given in this theory —ie, its entire mathematical formalism ~ will
probably have to be contained, in the form of logical inferences, in every
useful future theory’.

The quotations from private letters are of negative reactions by Einstein
to the very particular 1952 hidden variables of Bohm. This scheme
reproduced completely, and rather trivially, the whole of nonrelativistic
quantum mechanics. It had great value in illuminating certain features of
the theory, and in putting in perspective various ‘proofs’ of the impossibility
of a hidden variable interpretation. But Bohm himself did not think of it as
in any way final. Jammer could have added to his quotations the following,
from a letter from Einstein to Born®:

Have you noticed that Bohm believes (as de Broglie did, by the way,
25 years ago) that he is able to interpret the quantum theory in
deterministic terms? That way seems too cheap to me.

On which Born comments:
Although this theory was quite in line with his own ideas,...

So Born also had listed Einstein as a proponent of hidden variables. I think
he was right.
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The measurement theory of Everett and de Broglie’s
pilot wave

In 1957 H. Everett published a paper setting out what seemed to be a
radically new interpretation of quantum mechanics'. His approach has
recently received increasing attention?. He did not refer to the ideas of de
Broglie of thirty years before® nor to the intervening elaboration of those
ideas by Bohm*. Yet it will be argued here that the elimination of arbitrary
and inessential elements from Everett’s theory leads back to, and throws
new light on, the concepts of de Broglie®.

Everett was motivated by the notion of a quantum theory of
gravitation and cosmology. In a thoroughly quantum cosmology, a
quantum mechanics of the whole world, the wave function of the world
could not be interpreted in the usual way. For this usual interpretation
refers only to the statistics of measurement results for an observer
intervening from outside the quantum system. When that system is the
whole world, there is nothing outside. This situation presents no particular
difficulty for the traditional (or ‘Copenhagen’) philosophy, which holds that
a classical conception of the macroscopic world is logically prior to the
quantum conception of the microscopic. The microscopic world is
described by wave functions which are determined by and have implica-
tions for macroscopic phenomena in experimental set-ups. These macro-
scopic phenomena are described in a perfectly classical way (in the
language of ‘be-ables’® rather than ‘obscrvables’, so that there is no question
of an endless chain of observers observing observers observing. ...). There is
of course no sharply defined boundary between what is to be treated as
microscopic and what as macroscopic, and this introduces a basic
vagueness into fundamental physical theory. But this vagueness, because of
the immense difference of scale between the atomic level where quantum
concepts are essential and the macroscopic level where classical concepts
are adequate, is quantitatively insignificant in any situation hitherto
envisaged. So, it is quite acceptable to many people. It is not surprising then
that such a consistent traditionalist as L. Rosenfeld has gone so far as to
suggest’ that a quantum theory of gravitation may be unnecessary. The
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only gravitational phenomena we actually know are of macroscopic scale
and involve very many atoms. So we only need the concept of gravitation on
this classical level, whose separate logical status is anyway fundamental in
the traditional view. Nevertheless, I think that most contemporary
physicists would regard any purely classical theory of gravitation as
provisional, and hold that any really adequate theory must be applicable, in
principle, also on the microscopic level —even if its effects there are
negligibly small®, Many of these same contemporary physicists are
perfectly complacent about the vague division of the world into classical
macroscopic and quantum microscopic inherent in contemporary (i.e.,
traditional) quantum theory. This mixture of concern on the one hand and
complacency on the other is in my opinion less admirable than the clear
headed and systematic complacency of Rosenfeld.

Everett was complacent neither about gravitation nor quantum theory.
As a preliminary to a synthesis of the two he sought to interpret the notion
of a wave function for the world. This world certainly contains instruments
that can detect, and record macroscopically, microscopic and other
phenomena. Let A be the recording part, or ‘memory’, of such a device, or of
a collection of such devices, and let B be the rest of the world. Let the co-
ordinates of A be denoted by a, and of B by b. Let ¢,(a) be a complete set of
states for A. Then, one can expand the world wave function y(a, b, t) at some
time ¢ in terms of the ¢,

y(a,b,t)= Zn: ®4(@)xa(b, 1) (E)

We will refer to the norm of y,

f db | x.(b, 1)}

as the ‘weight’ of ¢, in the expansion. As an example 4 might be a
photographic plate that can record the passage of an ionizing particle in a
pattern of blackened spots. The different patterns of blackening correspond
to different states ¢,. Then it can be shown® along lines laid down long ago
by Mott and Heisenberg, that the only states ¢, with appreciable weight are
those in which the blackened spots form essentially a linear sequence, in
which the blackening of neighbouring plates, or of different parts of the
same plate, are consistent with one another, and so on. In the same way
Everett, allowing A to be a more complicated memory, such as that of a
computer (or even a human being), or a collection of such memories, shows
that only those states ¢, have appreciable weight in which the memories
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agree on a more or less coherent story of the kind we have experience of. All
this is neither new nor controversial. The novelty is in the emphasis on
memory contents as the essential material of physics and in the interpret-
ation which Everett proceeds to impose on the expansion E.

An exponent of the traditional view, if he allowed himself to contemplate
a wave function of the world, would probably say the following. Once a
macroscopicrecord has been formed we are concerned with fact rather than
possibility, and the wave function must be adjusted to take account of this.
So from time to time the wave function is ‘reduced’

Yo NY u(@)xa(b, 1) (E)

where (N being a renormalization factor) the restricted summation ).’ is
over a group of states ¢, which are ‘macroscopically indistinguishable’. The
complete set of states is divided into many such groups, and the reduction to
a particular group occurs with probability proportional to its total weight

Z'J'deanz-

He will not be able to say just when or how often this reduction should be
made, but would be able to show by analyzing examples that the ambiguity
is quantitatively unimportant in practice. Everett disposes of this vaguely
defined suspension of the linear Schrodinger equation with the following
bold proposal: it is just an illusion that the physical world makes a
particular choice among the many macroscopic possibilities contained in
the expansion, they are all realized, and no reduction of the wave function
occurs. He seems to envisage the world as a multiplicity of ‘branch’ worlds,
one corresponding to each term ¢,y, in the expansion. Each observer has
representatives in many branches, but the representative in any particular
branch is aware only of the corresponding particular memory state ¢,. So
he will remember a more or less continuous sequence of past ‘events’, just as
if he were living in @ more or less well defined single branch world, and have
no awareness of other branches. Everett actually goes further than this, and
tries to associate each particular branch at the present time with some
particular branch at any past time in a tree-like structure, in such a way that
each representative of an observer has actually lived through the particular
past that he remembers. In my opinion this attempt does not succeed® and
is in any case against the spirit of Everett’s emphasis on memory contents
as the important thing. We have no access to the past, but only to present
memories. A present memory of a correct experiment having been
performed should be associated with a present memory of a correct result
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having been obtained. If physical theory can account for such correlations
in present memories it has done enough — at least in the sprit of Everett.

Rejecting the impulse to dismiss Everett’s multiple universe as science
fiction, we raise here a couple of questions about it.

The first is based on this observation: there are infinitely many different
expansions of type E, corresponding to the infinitely many complete sets
¢,.. Is there then an additional multiplicity of universes corresponding to
the infinitely many ways of expanding, as well as that corresponding to the
infinitely many terms in each expansion? I think (I am not sure) that the
answer is no, and that Everett confines his interpretation to a particular
expansion. To see why suppose for a moment that A is just an instrument
with two readings 1 and 2, the corresponding states being ¢, and ¢,.
Instead of expanding in ¢, and ¢, we could, as a mathematical possibility,
instead expand in

by =(b L d2)//2 or ¢, =(d,Lid2)\/2.

In each of these states the instrument reading takes no definite value, and I
do not think Everett wishes to have branches of this kind in his universe. To
formalize his preference let us introduce an instrument reading operator R:

R, =no,

and operators Q and P similarly related to ¢, and ¢ .- Then we can say that
Everett’s structure is based on an expansion in which instrument readings
R, rather than operators like Q or P, are diagonalized. This preference for a
particular set of operators is not dictated by the mathematical structure of
the wave function . It is just added (only tacitly by Everett, and only if I
have not misunderstood) to make the model reflect human experience. The
existence of such a preferred set of variables is one of the elements in the
close correspondence between Everett’s theory and de Broglie’s — where the
positions of particles have a particular role.

The second question grows out of the first: if instrument readings are to
be given such a fundamental role should we not be told more exactly what
an instrument reading is, or indeed, an instrument, or a storage unit in a
memory, or whatever? In dividing the world into pieces 4 and B Everett is
indeed following an old convention of abstract quantum measurement
theory, that the world does fall neatly into such pieces — instruments and
systems. In my opinion this is an unfortunate convention. The real world is
made of electrons and protons and so on, and as a result the boundaries of
natural objects are fuzzy, and some particles in the boundary can only
doubtfully be assigned to either object or environment. I think that
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fundamental physical theory should be so formulated that such artificial
divisions are manifestly inessential. In my opinion Everett has not given
such a formulation — and de Broglie has.

So we come finally to de Broglie. Long ago he faced the basic duality of
quantum theory. For a single particle the mathematical wave extends over
space, but the experience is particulate, like a scintillation on a screen. For a
complex system, Y extends over the whole configuration space, and over all
n in expansions like (E), but experience has a particular character, like the
reduced expansion (E’). De Brogli¢ made the simple and natural suggestion:
the wave function ¥ is not a complete description of reality, but must be
supplemented by other variables. For a single particle he adds to the wave
function Y (r, t) a particle coordinate x(t) — the instantaneous position of the
localized particle in the extended wave. It changes with time according to

X = [Im Y*(x, 1) aix Y(x, t)] / W (x, )| (G)

In an ensemble of similar situations x is distributed with weight | y(x, £)|? dx,
a situation which follows from (G) for all ¢ if it holds at some ¢. To make a
model of the world, a simple world consisting just of many non-relativistic
particles, we have only to extend these prescriptions from 3 to 3N
dimensions, where N is the total number of particles. In this world the
many-body wave function obeys exactly a many-body Schrédinger
equation. There is no ‘wave function reduction’, and all terms in expansions
like E are retained indefinitely. Nevertheless the world has a definite con-
figuration (x,,X,,X5...) at every instant, changing according to the 3N
dimensional version of (G). This model is like Everett’s in employing a
world wave function and an exact Schrodinger equation, and in superpos-
ing on this wave function an additional structure involving a preferred set of
variables. The main differences seem to me to be these.

(1) Whereas Everett’s special variables are the vaguely anthropocentric
instrument readings, de Broglie’s are related to an assumed microscopic
structure of the world. The macroscopic features of direct interest to human
beings, like instrument readings, can be brought out by suitably coarse-
grained averaging, but the ambiguities in doing so do not enter the
fundamental formulation.

(2) Whereas Everett assumes that all configurations of his special
variables are realized at any time, each in the appropriate branch universe,
the de Broglie world has a particular configuration. I do not myself see that
anything useful is achieved by the assumed existence of the other branches
of which I am not aware. But let he who finds this assumption inspiring
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make it; he will no doubt be able to do it just as well in terms of the xs as in
terms of the Rs.

(3) Whereas Everett makes no attempt, or only a half-hearted one, to
link successive configurations of the world into continuous trajectories, de
Broglie does just this in a perfectly deterministic way (G). Now these
trajectories of de Broglie, innocent as (G) may look in the configuration
space, are really very peculiar as regards locality in ordinary three-space®.
But we learn from Everett that if we do not like these trajectories we can
simply leave them out. We could just as well redistribute the configuration
(X,,X,,...) at random (with weight ||?) from one instant to the next. For
we have no access to the past, but only to memories, and these memories are
just part of the instantaneous configuration of the world.

Does this final synthesis, omitting de Broglie’s trajectories and Everett’s
other branches, make a satisfactory formulation of fundamental physical
theory? Or rather would some variation of it based on a relativistic field
theory? It is logically coherent, and does not need to supplement
mathematical equations with vague recipes. But I do not like it. Emotion-
ally, I would like to take more seriously the past of the world (and of myself)
than this theory would permit. More professionally, I am uneasy about the
possibility of incorporating relativity in a profound way. No doubt it would
be possible to ensure memory of a null result for the Michelson—Morley
experiment and so on. But could the basic reality be other than the state of
world, or at least a memory, extended in space at a single time — defining a
preferred Lorentz frame? To try to elaborate on this would only be to try to
share my confusion.
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Phys. 29, 463 (1957).

2 See for example:
de Witt, B. S. and others in Physics Today 23 (1970), No. 9, 30 and 24, No. 4, 36
(1971) and references therein. Ideas like those of Everett have also been set out by
Cooper, L. N. and van Vechten, D., American J. Phys. 37, 1212 (1969) and by
L. N. Cooper in his contribution to the Trieste symposium in honour of P. A. M.
Dirac, September 1972.

3 For a systematic exposition see: de Broglie, L., Tentative d'Interprétation Causale
et Non-linéaire de la Mécanique Ondulatoire, Gauthier-Villars, Paris, (1956).

4 Bohm, D., Phys. Rev. 88, 166, 180, (1952).

5 This thesis has already been presented in my contribution to the international
colloguium on issues in contemporary physics and philosophy of science, Penn.
State University, September 1971, CERN TH. 1424. That paper is referred to for
more details of several arguments, but the opportunity has been taken here to
expand on some points only mentioned there.
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Free variables and local causality

It has been argued! that quantum mechanics is not locally causal and
cannot be embedded in a locally causal theory. That conclusion depends
on treating certain experimental parameters, typically the orientations of
polarization filters, as free variables. Roughly speaking it is supposed that
an experimenter is quite free to choose among the various possibilities
offered by his equipment. But it might be that this apparent freedom is
illusory. Perhaps experimental parameters and experimental results are
both consequences, or partially so, of some common hidden mechanism.
Then the apparent non-locality could be simulated.

This possibility is the starting point of a paper by Clauser, Horne and
Shimony? (CHS hereafter), which is valuable in particular for a careful
mathematical formulation of the assumption which excludes such a
conspiracy. In this connection they severely criticize my own ‘theory of
local beables’! (B hereafter). Much of their criticism is perfectly just. In B
there were jumps? in the argument, and the assumption in question was
not stated at the appropriate place, but only later and inadequately.
However, I do not agree with CHS that this assumption, when carefully
formulated, is an unreasonable one.

I will organize these remarks around the three phrases in which I
belatedly formulated the hypothesis in B, Section 8.

1 ‘It has been assumed that the settings of instruments are in some sense
free variables ...

For me this means that the values of such variables have implications
only in their future light cones. They are in no sense a record of, and do
not give information about, what has gone before. In particular they have

no implications for the hidden variables v in the overlap of the backward
light cones:

{vla,b,c} ={v|d,b,c} = {v|a,b,c} ={v|a,b,c} (1)

This, as explained by CHS, is what is used in the mathematical analysis.
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The bracket symbol denotes the probability of particular values v given
particular values g, b, ¢ where ¢ lists non-hidden variables in the overlap
of the backward light cones of two instruments, and a and b list non-hidden
variables in the remainders of those light cones. The lists a and a' are
supposed to differ in the setting of the first instrument, while b and ' are
supposed to differ in the setting of the second instrument.

Note that instead of (1) CHS write, probably interpreting the symbols
a little differently

{vla,b,c} = {v|c}

With my notation, where a and b are lengthy lists of variables describing
the situation outside the overlap, this would be much stronger than
(1) - and not reasonable at all.

2 “...say at the whim of experimenters...

Here I would entertain the hypothesis that experimenters have free will.
But according to CHS it would not be permissible for me to justify the
assumption of free variables ‘by relying on a metaphysics which has not
been proved and which may well be false’. Disgrace indeed, to be caught
in a metaphysical position! But it seems to me that in this matter I am
just pursuing my profession of theoretical physics.

I would insist here on the distinction between analyzing various physical
theories, on the one hand, and philosophising about the unique real world
on the other hand. In this matter of causality it is a great inconvenience
that the real world is given to us once only. We cannot know what would
have happened if something had been different. We cannot repeat an
experiment changing just one variable; the hands of the clock will have
moved, and the moons of Jupiter. Physical theories are more amenable
in this respect. We can calculate the consequences of changing free elements
in a theory, be they only initial conditions, and so can explore the causal
structure of the theory. I insist that B is primarily an analysis of certain
kinds of physical theory.

A respectable class of theories, including contemporary quantum theory
as it is practised, have ‘free’ ‘external’ variables in addition to those internal
to and conditioned by the theory. These variables are typically external
fields or sources. They are invoked to represent experimental conditions.
They also provide a point of leverage for ‘free willed experimenters’, if
reference to such hypothetical metaphysical entities is permitted. I am
inclined to pay particular attention to theories of this kind, which seem
to me most simply related to our everyday way of looking at the world.
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Of course there is an infamous ambiguity here, about just what and where
the free elements are. The fields of Stern—Gerlach magnets could be treated
as external. Or such fields and magnets could be included in the quantum
mechanical system, with external agents acting only on external knobs and
switches. Or the external agents could be located in the brain of the
experimenter. In the latter case the setting of the instrument is not itself a
free variable. It is only more or less closely correlated with one, depending
on how accurately the experimenter effects his intention. As he puts out his
hand to the knob, his hand may shake, and may shake in a way influenced
by the variables v. Remember, however, that the disagreement between
locality and quantum mechanics is large — up to a factor of /2 in a certain
sense. So some hand trembling can be tolerated without much changein the
conclusion. Quantification of this would require careful epsilonics.

3 “...orat least not determined in the overlap of the backward light cones’

Here I must concede at once that the hypothesis becomes quite
inadequate when weakened in this way. The theorem no longer follows.
I was mistaken.

At this point I had in mind the possibility of exploiting the freedom,
in conventional physical theories, of initial conditions. I am now embarras-
sed not only by the inadequacy of this particular phrase in the hypothesis,
but also by the necessity of paying attention in such a study to the creation
of the world®.

Let me instead then weaken the hypothesis in a different and more
practical way.

4 “...or at least effectively free for the purpose at hand’

Suppose that the instruments are set at the whim, not of experimental
physicists, but of mechanical random number generators. Indeed it seems
less impractical to envisage experiments of this kind®, with space-like
separation between the outputs of two such devices, than to hope to realize
such a situation with human operators. Could the outputs of such
mechanical devices reasonably be regarded as sufficiently free for the
purpose at hand? 1 think so.

Consider the extreme case of a ‘random’ generator which is in fact
perfectly deterministic in nature — and, for simplicity, perfectly isolated.
In such a device the complete final state perfectly determines the complete
initial state — nothing is forgotten. And yet for many purposes, such a
device is precisely a ‘forgetting machine’. A particular output is the result
of combining so many factors, of such a lengthy and complicated dynamical
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chain, that it is Quite extraordinarily sensitive to minute variations of any
one of many initial conditions. It is the familiar paradox of classical
statistical mechanics that such exquisite sensitivity to initial conditions is
practically equivalent to complete forgetfulness of them. To illustrate the
point, suppose that the choice between two possible outputs, correspond-
ing to a and a’, depended on the oddness or evenness of the digit in the
millionth decimal place of some input variable. Then fixing a or a’ indeed
fixes something about the input — i.e., whether the millionth digit is odd
or even. But this peculiar piece of information is unlikely to be the vital
piece for any distinctively different purpose, i.e., it is otherwise rather
useless. With a physical shuffling machine, we are unable to perform the
analysis to the point of saying just what peculiar feature of the input is
remembered in the output. But we can quite reasonably assume that it is
not relevant for other purposes. In this sense the output of such a device
is indeed a sufficiently free variable for the purpose at hand. For this
purpose the assumption (1) is then true enough, and the theorem follows.

Arguments of this kind are advanced by CHS in defending the
corresponding assumption in the Clauser—Horne analysis. I do not know
why they should be considered less relevant here.

Of course it might be that these reasonable ideas about physical
randomizers are just wrong — for the purpose at hand. A theory may
appear in which such conspiracies inevitably occur, and these conspiracies
may then seem more digestible than the non-localities of other theories.
When that theory is announced I will not refuse to listen, either on
methodological or other grounds. But I will not myself try to make such
a theory.

Notes and references

1 J.S. Bell, Epistemological Letters, March 1976, and references therein. Reprinted in
Dialectica 39 (1985).

2 A. Shimony, M. A. Horne and J. F. Clauser, Epistemological Letters, October 1976.
Reprinted in Dialectica 39 (1985).

3 In particular CHS complain of a difficulty in connection with (14) and (15) in B.
What is missing there is the remark that on the right-hand sides the averaging is
over u and y, and A and 1/, separately. The operation is, explicitly,

J'dl dA' dudy’ dv{ila,c, v} {X|d, c,v}{ulb, c, v} {i'|¥,c,v}{via,b,c,}

According to Eq. (1) above a and/or b in the last factor may be replaced by &'
and/or b’ respectively. As applied for example to

p((4 a),(u,b),(v,0))
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which does not depend on A’ or y’, two integrations are trivial, leaving

jdl dudv{ila,c,v}{ulb,c,v}{viab,c,}

= Jdl dudv{i|a,b,u,c,v}{ula,b,c,v}{v|a,b,c}

(using locality)

= jdldudv{l,u,vla,b, c}

which is the averaging involved in defining P(a, b, c). However, 1 agree with CHS
that an earlier style®, averaging over A and pu before forming the inequality, is
simpler.

The invocation in Ref. 1 of a complete account of the overlap of backward light
cones is embarrassing in a related way, whether going back indefinitely or to a
finite creation time —~ which might, by the way, have even been a creation point,
with all backward light cones confused. R. P. Feynman in particular objected to
the concept of a complete history being involved. In a more careful discussion the
notion of completeness should perhaps be replaced by that of sufficient
completeness for a certain accuracy, with suitable epsilonics.

Important progress in this direction is being made by A. Aspect, Physical Review
D14, 1944 (1976).

J. S. Bell, in Proceedings of the International School of Physics, Enrico Fermi,
Course IL, Varenna 1970,
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Atomic-cascade photons and quantum-mechanical
nonlocality

It has been feared that television is responsible for the disturbing decline of
birth rate in France. It is quite unclear which of the two main programs
(France 1 and 2, both originating in Paris) is more to blame. It has been
advocated that deliberate experiments be done, say in Lille and Lyon, to
investigate the matter. The local mayors might decide, by tossing coins each
morning, which one of the two programs would be locally relayed during
the day. Sufficient statistics would allow us to test hypotheses about the
joint probability distribution for A conceptions in Lille and B in Lyon
following exposure to programs a( = 1,2) and b, respectively:

p(A, B|a,b).

You might at first think it pointless to consider such a joint distribution,
expecting it to separate trivially into independent factors:

p1(Ala)p,(B|b).

But a moment of reflection will convince that this will not be so. For
example, the weather in the two towns is correlated, although imperfectly.
On fine evenings people do not watch television. They walk in the parks,
and are moved by the beauty of the trees, the monuments, and of one
another. This is especially so on Sundays. Let A denote, collectively,
variables like temperature, humidity,..., day of the week, that might be
relevant for Lille, and u likewise for Lyon. Only when such relevant
variables are held fixed can the distribution be expected to factorize:

p(4,Bla,b,A, u) = p,(A|a,A)p,(B|b, p). (1)
Then

p(4, Bla,b) = {{dAdua(i,u)p,(Ala, A)p,(Blb, ), 2)

where o is some probability distribution for temperatures, humidities, ...,
and days of the week.

Now surely it would be very remarkable if the choice of program in
Lille proved to be a causal factor in Lyon, or if the choice of program in
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Lyon proved to be a causal factor in Lille. It would be very remarkable,
that is to say, if p, in 2 had to depend on b, or p, on a. But, according
to quantum mechanics, situations presenting just such a dilemma can be
contrived. Moreover the peculiar long-range influence in question seems
to go faster than light.! 3

Avoiding internal details for the moment, consider just a long black
box with three inputs and three outputs. The inputs are three on—off
switches — a master switch in the middle and a switch at each end. The
outputs are three corresponding printers. The one in the middle prints
‘yes’ or ‘no’ soon after the start of a run, and the others each print ‘yes’
or ‘no’ when it ends. While the switches are ‘off’ the box restores itself as
far as possible to some given initial condition in preparation for a run.
The master switch is then operated and left ‘on’ for a predetermined time
T. At time (T — 0), each of the other switches may or may not — depending,
for example, on random signals from independent radioactive sources
external to the black box — be thrown to ‘on’ for a time 8. The length L
of the box is such that

L/c>é,

where ¢ is the velocity of light. So the operation of a switch at one end
would not, according to Einstein, be relevant to the output at the other end.

We will consider only runs certified by a ‘yes’ from the middle printer,
and not mention it any more. It just guarantees, as will be seen, that the
internal process gets off to a good start. Let A (with values + 1) denote
the yes/no response of the left printer, and B( 4 1) likewise for the right
printer. Let a (= 1,2) denote whether or not the left switch is operated
during the run, and b (= 1, 2) likewise for the right switch. With sufficient
statistics we can test hypotheses about the joint probability of A and B
given a and b:

p(A, Bla,b).

Consider, then, the hypothesis that A and B fluctuate independently
when the relevant causal factors, at time T — 8 — & say, whatever they may
be, are sufficiently well specified — as would be expected for conceptions
in Lille and Lyon with specified weather, day of the week, television
programs, and so on. That is, assume there are variables A and some
probability distribution ¢ such that (2) holds.

Now in fact this hypothesis is quite restrictive, for in the present case
(4| = |B| = 1) it implies (by some trivial manipulations) the Clauser—Holt-
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Horne—Shimony inequality

|P(a,b)+ P(a,b’)| + | P(d’,b) — P(a’,b')| <2, (3)
where P is the mean value of the product AB:
P(a,b)= Y ABp(A,Bla,b). )
A=+1
B= %1

But, according to quantum mechanics, boxes can be constructed for which
the left-hand side of (3) takes values up to 2\/ 2. The difficulty would not
arise, for (3) would not follow, if p, in (2) were allowed to depend on b,
or p, on a. Such a dependence would not only be of mysteriously long
range, but also, for the case presented, would have to propagate faster
than light. The correlations of quantum mechanics are not explicable in
terms of local causes.

Going into the black box, we could find what is sketched (at the
‘Gedanken’ level) in Fig. 1. Only the centre and one end are drawn. The
other end is the mirror image of the first. An oven provides a beam of
suitable atoms in their (j, P) = (0, + ) ground states. A pulse of laser photons
Y00 18 activated (after a predetermined delay during which remote
equipment is alerted) by the master switch. This excites some atoms to a
certain (1, —) level (Fig. 2). Most of these decay straight back to the ground
state, but some cascade back with emission of photons y,,7,,7,. Some
such cases are identified by a y, counter C, with a suitable filter. And,
for some of these, photons y, and y, go towards detecting equipment at
the two ends of the box. Filters F, and F, pass only the correct photons

Fig. 1. Centre and left-hand-side of Gedanken set-up.
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7, and y,, and signal when they absorb wrong ones (i.e., they are a little
more articulate than filters commercially available). Veto counters V
identify events in which photons go off in other unwanted directions. Only
the operation of counter C, and the nonoperation of the vetos V and
F, , authorize the middle printer to issue a ‘yes’ certificate for the event.
Photons y, and y, then go towards distant detectors, C, and C,, preceded
by linear polarizers. These latter are set to pass polarizations at angles to
the vertical controlled by the corresponding switches:

¢=(@—Dn/4, ¢,=(b—3/2)n/4. ()

The firing or nonfiring of counters C, and C, authorizes the corresponding
printers to print ‘yes’ or ‘no’.

The heart of the matter is a strong correlation of polarization between
photons y, and y,, dictated by the spins and parities of levels A and C in
Fig. 2. Because the atom has initially and finally no angular momentum,
the photons can carry none away. For back-to-back photons this means
a perfect circular polarization correlation — left-handed polarization for
7, implies left-handed y,, and right-handed y, implies right-handed y,.
Allowing also for parity conservation this translates into an equally strong
linear polarization correlation: a given linear polarization on one side
implies the same polarization on the other. In detail, in the ideal case of
small opening angles and fully efficient counters, the probabilities of the
various responses of C, and C, according to quantum mechanics are

p(yes, yes) = p(no,no) = $lcos (¢ —¢2)|2} 6

p(yes,no) = p(no, yes) = 3sin(¢, — ¢,)|%,

Fig. 2. Suitable atomic-level sequence.

Jd,p)
D (l’_)
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A 0, +)
Y1
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C (0, +)



Atomic-cascade photons, quantum-mechanical nonlocality 109

whence

P(a, b)=cos2(¢, — ¢,)

with (5), which gives 2,/2 for the left-hand side of (3), taking a=b =1,
a=>b=2

Does nature really respect these remarkable predictions? A number of
experiments have been done, on atomic cascades and other processes
exhibiting similar correlations. The consensus is that quantum-mechanical
predictions are well verified, and to very much better than a factor of /2.

The reservation must be made that all these experiments are very far
in some respects — some more important than others — from the Gedanken
ideal. For example, the photon counters are very inefficient. So ‘no’ is the
normal and not very significant response at C, and C,. Then P = (1 — A),
where A is small and weakly dependent on a and b, so that the inequality
in (3) is trivially satisfied. In addition, the real experiments have imperfect
geometry. They do not have veto counters V, nor authorization counters
C,, nor ‘articulate’ filters F. And they are not done with one pair at a
time, but look rather for (C,, C,) coincidences with a continuous source.
What is verified in these experiments then is essentially that the coincidence
rate for C, and C, - proportional to p (yes, yes) of (6) —is rather closely
that predicted by quantum mechanics, when source strength, geometry
and various inefficiencies are allowed for in conventional ways.

It is difficult for me to believe that quantum mechanics, working very
well for currently practical set-ups, will nevertheless fail badly with
improvements in counter efficiency and other factors just listed. However,
there is at least one step towards the ideal which I am keen to see. So
far, the polarizers have not been switched during the flight of the photons,
but left in one setting or another for long periods. Such experiments can
indicate an already remarkable influence of the polarizer setting on one
side on the response of the counter on the other side. But plenty of time
is left for this obscure influence to propagate across the equipment with
subluminal velocity. For me it is important that Aspect* will effectively
switch polarizer setting during the flight of the photons. It is difficult to
rotate massive polarizers in nanoseconds. So he will have two polarizers
on each side, preset at different angles, and rapidly reversible photon
deflectors which can select one channel or another.

Let us anticipate that quantum mechanics works also for Aspect. How
do we stand? I will list four of the attitudes that could be adopted.

(1) The inefficiencies of the counter, and so on, are essential. Quantum

mechanics will fail in sufficiently critical experiments.
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(2) There are influences going faster than light, even if we cannot control
them for practical telegraphy. Einstein local causality fails, and we
must live with this.

(3) The quantities a and b are not independently variable as we supposed.
Whether apparently chosen by apparently independent radioactive
devices, or by apparently separate Swiss National Lottery machines,
or even by different apparently free-willed experimental physicists,
they are in fact correlated with the same causal factors (4, ) as the A
and B. Then Einstein local causality can survive. But apparently
separate parts of the world become deeply entangled, and our
apparent free will is entangled with them.

(4) The whole analysis can be ignored. The lesson of quantum mechanics
is not to look behind the predictions of the formalism. As for the
correlations, well, that’s quantum mechanics. Just as the French
legislators might shrug off a correlation between Lille and Lyon with,
‘Well, that’s people.’
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de Broglie—Bohm, delayed-choice double-slit
experiment, and density matrix

I will try to interest you in the de Broglie!-Bohm? version of non-
relativistic quantum mechanics. It is, in my opinion, very instructive. It is
experimentally equivalent to the usual version insofar as the latter is
unambiguous. But it does not require, in its very formulation, a vague
division of the world into ‘system’ and ‘apparatus,” nor of history into
‘measurement’ and ‘nonmeasurement.’ So it applies to the world at large,
and not just to idealized laboratory procedures. Indeed the de Broglie—
Bohm theory is sharp where the usual one is fuzzy, and general where the
usual one is special. This is not a systematic exposition®, but only an
illustration of the ideas with a particularly nice example, and then some
remarks on the role of the density matrix — in tribute to the title of this
conference.

No one more eloquently than John A. Wheeler* has presented the
delayed-choice double slit experiment. A pulsed particle source S (see
Fig. 1) is so feeble that not more than one particle is emitted per pulse.
The associated wave pulse B falls on a screen with slits 1 and 2. The

Fig. 1. A de Broglie wave pulse B from a particle source S traverses a

screen with slits 1 and 2. The waves B’ emerging from the slits are

focussed by lenses on particle counters C, and C,. A photographic plate
P may or may not be pushed into the interference region.
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transmitted pulses B’ are focussed by off-centred lenses into intersecting
plane wave trains which fall finally on particle counters C, and C, — unless
a photographic plate P is pushed into the region where the two wave
trains interpenetrate. The decision, to interpose the plate or not, is made
only after the pulse has passed the slits. As a result of this choice the
particle either falls on one of the two counters, indicating passage through
one of the two slits, or contributes one of the spots on the photographic
plate building an interference pattern after many repetitions. Sometimes
the interference pattern is held to imply ‘passage of the particle through
both slits’ — in some sense. Here it seems possible to choose, later, whether
the particle, earlier, passed through one slit or two! Perhaps it is better
not to think about it. ‘No phenomenon is a phenomenon until it is an
observed phenomenon.’

Consider now the de Broglie-Bohm version. To the question ‘wave or
particle? they answer ‘wave and particle.” The wave ¥(t,r) is that of wave
mechanics — but conceived, in the tradition of Maxwell and Einstein, as
an objective field, and not just as some ‘ghost wave’ of information (of
some presumably well-informed observer?). The particle rides along on
the wave at some position x(t) with velocity.

10
x(t) = — Imlogy (¢, 1), (1)

This equation has the property that a probability distribution for x at
time ¢

x|y (t, x))?
evolves into a distribution
x|y (t', x)|?

at time t'. It is assumed that the particles are so delivered initially by the
source, and then the familiar probability distribution of wave mechanics
holds automatically at later times. Note that the only. use of probability
here is, as in classical statistical mechanics, to take account of uncertainty
in initial conditions.

In this picture the wave always goes through both slits (as is the nature
of waves) and the particle goes through only one (as is the nature of
particles). But the particle is guided by the wave toward places where i |
is large, and away from places where || is small. And so if the plate is in
position the particle contributes a spot to the interference pattern on the
plate, or if the plate is absent the particle proceeds to one of the counters. In
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neither case is the earlier motion, of either particle or wave, affected by the
later insertion or noninsertion of the plate. Clearly the particle pursues a
bent path in the region where the wave trains interpenetrate’. Itis vital here
to put away the classical prejudice that a particle moves on a straight path
in ‘field-free’ space — free, that is, from fields other than the de Broglie-
Bohm! Indeed (in the absence of the plate) a particle passing through slit 1
falls finally not on counter C, but on C,, and vice versa! It is clear just by
symmetry that on the symmetry plane the perpendicular component of x
vanishes. The particle does not cross this plane. The naive classical picture
has the particle, arriving on a given counter, going through the wrong slit.

Suppose next that detectors are added to the setup just behind slits 1
and 2 to register the passage of the particles. If we wish to follow the
story after these detectors have or have not registered we cannot pretend
that they are passive external devices (as we did for screen and lenses).
They have to be included in the system. Consider then an initial
wavefunction

Y(0)=y(0,r)D(O,r,,...)D3(0,r,,...)

where DY and DY are many-body wavefunctions for undischarged

counters. Solution of the many-body Schrodinger equation yields a
wavefunction

¥(e)="Y,()+¥,(1)

W, (&)= y,(t,r)Di(t,r,,...)D3(t,x,,.. .)}

W, (t) = y,(t,x)DS(¢, 1y, ... ) DAL, Ty, .. .) (2)

where the is are the two plane wave trains and the D's are wavefunctions
for discharged counters. Let us suppose that a discharged counter pops
up a flag saying ‘yes’ just to emphasize that it is a macroscopically different
thing from an undischarged counter, in a very different region of
configuration space.

The many-particle generalization of (1) gives for the particle of particular
interest

10 o
X(t) = ;;“a—r Im log ‘P(t, rLr,r,,.. ) £, =X, (1), ete. (3)

r; = X,(1) etc.
Evaluation of this requires, in general, specification of not only x(t) but

also of the positions of all other particles. However, in the simple case of (2)
the positions of other particles are sufficiently specified by ‘detector 1 has



114 Speakable and unspeakable in quantum mechanics

discharged’ or ‘detector 2 has discharged.” The configurations so described
are so different (grossly, macroscopically, so) that then only either ¥, or
¥, 1s significantly different from zero. Moreover, since for either ¥, or
¥, the variable r appears only in the factor ¥, or y,, the complicated
formula (3) reduces to the simple formula (1):

or
X =—— Iml t,X)=
mox ogY,(t,x) =V,

where v, and v, are velocities associated with the two plane wave trains.

This reduction from ¥, and ¥, to ¥, or ¥,, on partial (macroscopic)
specification of the configuration to be considered, illustrates the ‘reduction
of the wavefunction’ in the de Broglie-Bohm picture. It is a purely theore-
tical operation and one need not ask just when it happens and how long it
takes. The theorist does it when he finds it convenient.

The further reduction from ¥, or ¥, to , or , is a reduction from
many particles to a few (one in this case). It illustrates how with a partial
specification of the world at large it becomes possible in practice to deal
with- a small quantum system — although in prnciple the correct
application of the theory is to the world as a whole. We made such a
reduction of the system tacitly in the beginning when we said that certain
screens and lenses, etc., were in position, but did not include them or the
world at large in the quantum system. Note that in the de Broglie-Bohm
scheme this singling out of a ‘system’ is a practical thing defined by
circumstances, and is not already in the fundamental formulation of the
theory.

Consider now the density matrix. When it is specified that counter 1
(say) has discharged, the conventional one-particle density matrix (with
disregard of trivial normalization factors) is ;

p(x,X) = Y, (xW1(x)

and the velocity x, = v, is given equally by (1) or

.1 n-10 ,
x1=—n:‘-1m{[p(x,x)] axP(X,X)} (4)

xX=x

But this is a rather trivial case. When it is not specified which counter
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has discharged the conventional density matrix is
p(x,x") = Jd3x1d3x2...T(x,x1,x2,...)‘I’*(x’,xl,xz...)

= Y1 (XWT(X) + Ya(xW3(x)

I do not see how to recover from this the fact that we have (nearly
always) velocity either v, or v,. Naive application of (4) gives something
else. So in the de Broglie—-Bohm theory a fundamental significance is given
to the wavefunction, and it cannot be transferred to the density matrix.
This is here illustrated for the one-particle density matrix, but it equally
so for the world density matrix if a probability distribution over world
wavefunctions is considered. Of course the density matrix retains all its
usual practical utility in connection with quantum statistics.

That the above treatment of the detectors was greatly oversimplified
does not affect the main points made. Real detectors would respond in a
variety of ways to particles traversing in a variety of ways. Not only would
¥, and ¥, become incoherent, but each would be replaced by many
incoherent parts.

That the theory is supposed to apply fundamentally to the world as
a whole requires ultimately that any ‘observers’ be included in the system.
This raises no particular problem so long as they are conceived as not
essentially different from computers, equipped perhaps with ‘random’
number generators. Then everything is in fact predetermined at the
fundamental level — including the ‘late’ decision whether to insert the plate.
To include creatures with genuine free will would require some develop-
ment, and here the de Broglie-Bohm version might develop differently
from the usual approach. To make the issue experimental would require
identification of situations in which the differences betweeen computers
and free agents were essential.

That the guiding wave, in the general case, propagates not in ordinary
three-space but in a multidimensional-configuration space is the origin of
the notorious ‘nonlocality’ of quantum mechanics®. It is a merit of the de
Broglie-Bohm version to bring this out so explicitly that it cannot be
ignored.®
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Quantum mechanics for cosmologists

1 Introduction

Cosmologists, even more than laboratory physicists, must find the usual
interpretive rules of quantum mechanics a bit frustrating’:

‘...any result of a measurement of a real dynamical variable is one of
its eigenvalues...’

‘...if the measurement of the observable. .. is made a large number of
times the average of all the results obtained will be...’

‘...a measurement always causes the system to jump into an
eigenstate of the dynamical variable that is being measured...’

It would seem that the theory is exclusively concerned with ‘resuits of
measurement’ and has nothing to say about anything else. When the
‘system’ in question is the whole world where is the ‘measurer’ to be found?
Inside, rather than outside, presumably. What exactly qualifies some
subsystems to play this role? Was the world wave function waiting to jump
for thousands of millions of years until a single-celled living creature
appeared? Or did it have to wait a little longer for some more highly
qualified measurer — with a Ph.D.? If the theory is to apply to anything but
idealized laboratory operations, are we not obliged to admit that more or
less ‘measurement-like’ processes are going on more or less all the time
more or less everywhere? Is there ever then a moment when there is no
jumping and the Schrodinger equation applies?

The concept of ‘measurement’ becomes so fuzzy on reflection that it is
quite surprising to have it appearing in physical theory at the most
fundamental level. Less surprising perhapsis that mathematicians, who need
only simple axioms about otherwise undefined objects, have been able to
write extensive works on quantum measurement theory — which experi-
mental physicists do not find it necessary to read. Mathematics has been
well called? ‘the subject in which we never know what we are talking about’.
Physicists, confronted with such questions, are soon making measurement
a matter of degree, talking of ‘good’ measurements and ‘bad’ ones. But the
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postulates quoted above know nothing of ‘good’ and ‘bad’. And does not
any analysis of measurement require concepts more fundamental than
measurement? And should not the fundamental theory be about these more
fundamental concepts?

One line of development towards greater physical precision would be to
have the jump’ in the equations and not just the talk — so that it would
come about as a dynamical process in dynamically defined conditions. The
jump violates the linearity of the Schrodinger equation, so that the new
equations (or equations) would be non-linear. It has been conjectured? that
such non-linearity might be especially important precisely in connection
with the functioning of conscious organisms — i.e., ‘observers’.

It might also be that the non-linearity has nothing in particular to do
with consciousness, but becomes important* for any large object, in such a
way as to suppress superposition of macroscopically different states. This
would be a mathematical realization of at least one version of the
‘Copenhagen interpretation’, in which large objects, and especially
‘apparatus’, must behave ‘classically’. Cosmologists should note, by the
way, that the suppression of such macroscopic superpositions is vital to
Rosenfeld’s notion® of an unquantized gravitational field — whose source
(roughly speaking) would be the quantum expectation value of the energy
density. If this were attempted with wave functions grossly ambiguous
about, say, the relative positions of sun and planets, serious problems would
quickly appear.

There have been several studies® of non-linear modifications of the
Schrodinger equation. But none of these modifications (as far as I know)
has the property required here, of having little impact for small systems but
nevertheless suppressing macroscopic superpositions. It would be good to
know how this could be done.

No more will be said in this paper about such hypothetical non-
linearities. I will consider rather theories in which a linear Schrodinger
equation is held to be exactly and universally correct. There is then no
‘yumping’, no ‘reducing’, no ‘collapsing’, of the wave function. Two such
theories will be analyzed, one due to de Broglie” and Bohm’ and the other
to Everett®. It seems to me that the close relationship of the Everett theory
to the de Broglie-Bohm theory has not been appreciated, and that as a
result the really novel element in the Everett theory has not been identified.
This really novel element, in my opinion, is a repudiation of the concept of
the ‘past’, which could be considered in the same liberating tradition as
Einstein’s repudiation of absolute simultaneity.

It must be said that the version presented here might not be accepted by
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the authors cited. This is to be feared particularly in the case of Everett. His
theory was for long completely obscure to me. The obscurity was lightened
by the expositions of de Witt®. But I am not sure that my present
understanding coincides with that of de Witt, or with that of Everett, or that
a simultaneous coincidence with both would be possible®.

The following starts with a review of some relevant aspects of conven-
tional quantum mechanics, in terms of a simple particular application. The
problems to which the unconventional versions are addressed are then
stated in more detail, and finally the de Broglie-Bohm and Everett theories
are formulated and compared.

2 Common ground

To illustrate some points which are not in question, before coming to some
which are, let us look at a particular example of quantum mechanics in
actual use. A nice example for our purpose is the theory of formation
of an « particle track in a set of photographic plates. The essential ideas
of the analysis have been around at least since 1929 when Mott!° and
Heisenberg'! discussed the theory of Wilson cloud chamber tracks!2. Yet
somehow many students are left to rediscover for themselves ideas of this
kind. When they do so it is often with a sense of revelation; this seems to be
the origin of several published papers.

Let the « particle be incident normally on the stack of plates and excite
various atoms or molecules in a way permitting development of blackened
spots. In a first approach? to the problem only the « particle is considered
as a quantum mechanical system, and the plates are thought of as external
measuring equipment permitting a sequence of measurements of transverse
position of the « particle. Associated with each such measurement thereisa
‘reduction of the wave packet’ in which all of the incident de Broglie wave
except that near the point of excitation is eliminated. If the ‘position
measurement’ were of perfect precision the reduced wave would emerge in
fact from a point source and, by ordinary diffraction theory, then spread
over a large angle. However, the precision is presumably limited by
something like the atomic diameter a &~ 10~ 8 cm. Then the angular spread
can be as little as

AOQ = (ka)™?

with an « particle of about one MeV, for example, k ~ 1013 ecm ~1, and with
~10"8cm

A 0=~ 102 radians.
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In this way, one can understand that the sequence of excitations in the
different plates approximate very well a straight line pointing to the source.

This first approach may seem very crude. Yet in an important sense it is
an accurate model of all applications of quantum mechanics.

In a second approach we can regard the photographic plates also as part
of the quantum mechanical system. As Heisenberg remarks ‘this procedure
i1s more complicated than the preceding method, but has the advantage that
the discontinuous change in the probability function recedes one step and
seems less in conflict with intuitive ideas’. To minimize the increased
complication we will consider only highly simplified ‘photographic plates’.
They will be envisaged as zero temperature mono-atomic layers of atoms
each with only one possible excited state, the latter supposed to be rather
long-lived. Moreover, we will continue to neglect the possibility of
scattering without excitation - i.e., elastic scattering, which is not very
realistic.

Suppose that the a particle originates in a long-lived radioactive source
at position r, and can be represented initially by the steady state wave
function

() =1——
A TN

Let ¢, denote the ground state of the stack of plates. Let n(=1,2,3,...)
enumerate the atoms of the stack and let

¢(nl: Ny,N3,.-. )

denote a state of the stack in which atoms n,, n,, n,,... are excited. In the
absence of « particle stack interaction the combined state would be simply

eikolr — 'OI

T —

|r — 1ol
To this must be added, because of the interaction, scattered waves
determined by solution of the many-body Schrédinger equation. In a
conventional multiple scattering approximation the scattered waves are

eikNIr—rNI
Z Z ¢(ny,ny,...ny)—— fx(On)
N ninaz,..ny ll' — rN|
efn—1Irn =N -1l eikolrs ~Tol
x Sru-1On-1) x - (1)

Ty —Ty_ 1] Ir; ~ro|

The general term here is a sum over all possible sequences of N atoms,
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with r; denoting the position of atom n,, r, of atom n,, and so on;
k, = (k2_, —€)}/? where ¢ is a measure of atomic excitation energy; 8, is the
angle betweenr, —r,_,,andr,,, —r, (orr —ry for n= N). Finally f,(0) is
the inelastic scattering amplitude for an o particle of momentum k,_,
incident on a single atom; in the Born approximation for example we could
give an explicit formula for f(6) in terms of atomic wave functions, and
would indeed find for it an angular spread

A= (ka)~!

The relative probabilities for observing that various sequences of atoms
ny, ny,... have been excited are given by the squares of the moduli of the
coefficients of

¢(ny,n,,...)

It is again clear that because of the forward peaking of f(6) excited
sequences will form essentially straight lines pointing towards the source.

We considered here only the location, and not the timing, of excitations.
If timing also had been observed then in the first kind of treatment the
reduced wave after each excitation would have been an appropriate
solution of the time-dependent Schrodinger equation, limited in extent in
time as well as space. In the second kind of treatment some physical device
for registering and recording times would have been included in the system.
We will not go further into this here. The comparison between the first and
second kinds of treatment would still be essentially along the following
lines. But before coming to this comparison it will be useful later to have
pointed out two of the several general features of quantum mechanics which
are illustrated in the example just discussed.

The first concerns the mutual consistency of different records of the same
phenomenon. In the stack of plates of the above example we have a
sequence of ‘photographs’ of the a particle, and because the particle is not
too greatly disturbed by the photographing, the sequence of records is fairly
continuous. In this way, there is no difficulty for quantum mechanics in the
continuity between successive frames of a movie film nor in the consistency
between two movie films of the same phenomenon. Moreover, if instead of
recording such information on a film, 1t is fed into the memory of a
computer (which can incidentally be thought of as a model for the brain)
there 1s no difficulty for quantum mechanics in the internal coherence of
such a record —e.g., in the ‘memory’ that the o particle (or instrument
pointer, or whatever) has passed through a sequence of adjacent positions.
These are all just ‘classical’ aspects of the world which emerge from
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quantum mechanics at the appropriate level. They are called to attention
here because later on we come to a theory which is fundamentally precisely
about the contents of ‘memories’.

The second point is the following. When the whole stack of plates is
treated as a single quantum mechanical system, each a particle track is a
single experimental result. To test the quantum mechanical probabilities
requires then many such tracks. At the same time a single track, if
sufficiently long, can be regarded as a collection of many independent single
scattering events, which can be used to test the quantum mechanics of the
single scattering process. That this is so is seen to emerge from the more
complete treatment whenever interactions between plates are negligible
(and when the energy loss ¢ is negligible). Of course, there could be
statistical freaks, tracks with all scatterings up, or all down, etc., but the
typical track, if long enough, will serve to test predictions for | f(6)|2. The
relevance of this remark is that later we are concerned with theories of the
universe as a whole. Then there is no opportunity to repeat the experiment;
history 1s given to us once only. We are in the position of having a single
track, and it is important that the theory has still something to say -
provided that this single track is not a freak, but a typical member of the
hypothetical ensemble of universes that would exhibit the complete
quantum distribution of tracks!3.

We return now to the comparison of the two kinds of treatment. The
second treatment is clearly more serious than the first. Butit is by no means
final. Just as at first we supposed without analysis that the photographic
plates could effect position measurements on the « particle, so we have now
supposed without analysis the existence of equipment allowing the
observation of atomic excitation. We can therefore contemplate a third
treatment, and a fourth, and so on. Any natural end to this sequence is
excluded by the very language of contemporary quantum theory, which
never speaks of events in the system but only of the outcome of observations
upon the system, implying always the existence of external equipment
adapted to the observable in question. Thus the logical situation does not
change in going from the first treatment to the second. Nor would it change
on going further, although many people have been intimidated simply by
increasing complexity into imagining that this might be so. In spite of its
manifest crudity, therefore, we have to take quite seriously the first
treatment above, as a faithful model of what we have to do in the end
anyway.

It is therefore important to consider to what extent the first treatment is
actually consistent with the second, and not simply superseded by the latter.
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The consistency is in fact quite high, especially if we incorporate into the
rather vaguely ‘reduced’ wave function of the first treatment the correct
angular factor f(0) from the second. Then the first method will give exactly
the same distribution of excitations, and the same correlations between
those in different plates. However, it must be stressed that this perfect
agreement is only a result of idealizations that we have made, for example,
the neglect of interactions between atoms (especially in different plates). To
take accurate account of these we are simply obliged to adopt the second
procedure, of regarding « particle and stack together as a single quantum
mechanical system. The first kind of treatment would be manifestly absurd
if we were concerned with an « particle incident on two atoms forming a
single molecule. It is perhaps not absurd, but it is not exact, when we have
1023 atoms with somewhat larger spaces between. Therefore, the placing of
the inevitable split, between quantum system and observing world, is not a
matter of indifference.

So we go on displacing this Heisenberg split to include more and more of
the world in the quantum system. Eventually we come to a level where the
required observations are simply of macroscopic aspects of macroscopic
bodies. For example, we have to observe instrument readings, or a camera
may do the observing, then we may observe the photographs of the
instrument readings, and so on. At this stage, we know very well from
everyday experience that it does not matter whether we think of the camera
as being in the system or in the observer - the transformation between the
two points of view being trivial, because the relevant aspects of the camera
are ‘classical’ and its reaction on the relevant aspects of the instrument
negligible. Then at this level it becomes of no practical importance just
where we put the Heisenberg split — provided of course that these ‘classical’
features of the macroscopic world emerge also from the quantum
mechanical treatment. There is no reason to doubt that this is the case.

This is already illustrated in the example that we analyzed above. Thus
the a particle is already largely ‘classical’ in its behaviour — preserving its
identity, in a sense, as it is seen to move along a practically continuous and
smooth path. Moreover, the different parts of the complete wave function
(1) associated with different tracks can be to a considerable extent regarded
as incoherent, as indicated by the success of the first kind of treatment.
These ‘classical’ features can be expected to be still more pronounced for
macroscopic bodies. The possibilities of seeing quantum interference
phenomena are reduced not only by the shortness of de Broglie wavelength,
which would make any such pattern extremely fine grained, but also by the
tendency of such bodies to record their passage in the environment. With
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macroscopic bodies it 1s not necessary to ionize atoms; we have the steady
radiation of heat for example, which would leave a ‘track’ even in the
vacuum, and we have the excitation of the close packed low lying collective
levels of both the body in question and neighbouring ones'*.

So there is no reason to doubt that the quantum mechanics of
macroscopic objects yields an image of the familiar everyday world. Then
the following rule for placing the Heisenberg split, although ambiguous in
principle, is sufficiently unambiguous for practical purposes:

put sufficiently much into the quantum system that the inclusion of more
would not significantly alter practical predictions.

To ask whether such a recipe, however adequate in practice, is also a

satisfactory formulation of fundamental physical theory, is to leave the
common ground.

3 The problem

The problem is this: quantum mechanics is fundamentally about ‘observ-
ations’. It necessarily divides the world into two parts, a part which is
observed and a part which does the observing. The results depend in detail
on just how this division 1s made, but no definite prescription for it is given.
All that we have 1s a recipe which, because of practical human limitations, is
sufficiently unambiguous for practical purposes. So we may ask with
Stapp’®: ‘How can a theory which is fundamentally a procedure by which
gross macroscopic creatures, such as human beings, calculate predicted
probabilities of what they will observe under macroscopically specified
circumstances ever be claimed to be a complete description of physical
reality?’. Rosenfeld 1 makes the point with equal eloquence: °... the human
observer, whom we have been at pains to keep out of the picture, seems
irresistibly to intrude into it, since after all the macroscopic character of the
measuring apparatus is imposed by the macroscopic structure of the sense
organs and the brain. It thus looks as if the mode of description of quantum
theory would indeed fall short of ideal perfection to the extent that it is cut
to the measure of man’.

Actually these authors feel that the situation is acceptable. As indicated
by the quotations, they are among the more thoughtful of those who do so.
Stapp finds reconciliation in the pragmatic philosophy of William James.
On this view, the situation in quantum mechanics is not peculiar. But
rather the concepts of ‘real’ or ‘complete’ truth are quite generally mirages.
The only legitimate notion of truth is ‘what works’. And quantum
mechanics certainly ‘works’. Rosenfeld seems to take much the same
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position, preferring however to keep academic philosophy out of it: ‘we are
not facing here any deep philosophical issue, but the plain common sense
fact that it takes a complicated brain to do theoretical physics’. That is to
say, that theoretical physics is quite necessarily cut to the measure of
theoretical physicists.

In my opinion, these views are too complacent. The pragmatic approach
which they examplify has undoubtedly played an indispensable role in the
evolution of contemporary physical theory. However, the notion of the
‘real’ truth, as distinct from a truth that is presently good enough for us, has
also played a positive role in the history of science. Thus Copernicus found
a more intelligible pattern by placing the sun rather than the earth at the
centre of the solar system. I can well imagine a future phase in which this
happens again, in which the world becomes more intelligible to human
beings, even to theoretical physicists, when they do not imagine themselves
to be at the centre of it.

Less thoughtful physicists sometimes dismiss the problem by remarking
that it was just the same in classical mechanics. Now if this were so it would
diminish classical mechanics rather than justify quantum mechanics. But
actually, it 1s not so. Of course, it is true that also in classical mechanics any
isolation of a particular system from the world as a whole involves
approximation. But at least one can envisage an accurate theory, of the
universe, to which the restricted account is an approximation. This 1s not
possible in quantum mechanics, which refers always to an outside observer,
and for which therefore the universe as a whole is an embarrassing concept.
It could also be said (by one unduly influenced by positivistic philosophy)
that even in classical mechanics the human observer is implicit, for what is
interesting if not experienced? But even a human observer is no trouble (in
principle) in classical theory — he can be included in the system (in a
schematic way) by postulating a ‘psycho-physical parallelism’ - i.e., sup-
posing his experience to be correlated with some functions of the co-
ordinates. This is not possible in quantum mechanics, where some kind of
observer is not only essential, but essentially outside. In classical mechanics
we have a model of a theory which is not intrinsically inexact, for it neither
needs nor is embarrassed by an observer.

Classical mechanics does, however, have the grave defect, as applied on
the atomic scale, of not accounting for the data. For this good reason it has
been abandoned on that scale. However, classical concepts have not
thereby been expelled from physics. On the contrary, they remain essential
on the ‘macroscopic’ scale, for!” ©.. . it is decisive to recognize that, however
far the phenomena transcend the scope of classical physical explanation,
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the account of all evidence must be expressed in classical terms’. Thus
contemporary theory employs both quantum wave functions { and
classical variables x, and a description of any sufficiently large part of the
world involves both:

(ll’axl’xz’---)

In our discussion of the a particle track, for example, implicit classical
variables specified the position of the various plates, and the degrees of
excitation of the atoms were also considered as classical variables for which
probability distributions could be extracted from the calculations. In a
more thorough treatment the degrees of excitation of atoms would be
replaced as classical variables by the degrees of blackening of the developed
plates. And so on. It seems natural to speculate that such a description
might survive in a hypothetical accurate theory to which the contemporary
recipe would be a working approximation. The s and xs would then
presumably interact according to some definite equations. These would
replace the rather vague contemporary ‘reduction of the wave packet’
intervening at some ill-defined point in time, or at some ill-defined point in
the analysis, with a lack of precision which, as has been said, is tolerable
only because of human grossness.

Before coming to examples of such theories I would like to suggest two
general principles which should, it seems to me, be respected in their
construction. The first is that it should be possible to formulate them for
small systems. If the concepts have no clear meaning for small systems it is
likely that ‘laws of large numbers’ are being invoked at a fundamental level,
so that the theory 1s fundamentally approximate. The second, related, point
is that the concepts of ‘measurement’, or ‘observation’, or ‘experiment’,
should not appear at a fundamental level. The theory should of course
allow for particular physical set-ups, not very well defined as a class,
having a special relationship to certain not very well-defined subsystems —
experimenters. But these concepts appear to me to be too vague to appear
at the base of a potentially exact theory. Thus the xs then would not be
‘macroscopic’ ‘observables’ as in the traditional theory, but some more
fundamental and less ambiguous quantities — ‘beables’!®,

The classical variables x were written just now as a discrete set. In
relativistic theory continuous fields are likely to be more appropriate, in
particular perhaps an energy density T, (t, x). In the following we consider
only the nonrelativistic theory, with the particulate approximation

Toolt, X) = 3 muc8(x — x,(t))
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This is parametrized by the finite set of all particle coordinates x,,.

4 The pilot wave
The duality indicated by the symbol

(¥, x)

is a generalization of the original wave-particle duality of wave mechanics.
The mathematics had to be done with waves i extending in space, and then
had to be interpreted in terms of probabilities for localized events. At an
early stage de Broglie’ proposed a scheme in which particle and wave
aspects were more closely integrated. This was reinvented in 1952 by
Bohm’. Despite some curious features it remains, in my opinion, well worth
attention as a model of what might be the logical structure of a quantum
mechanics which is not intrinsically inexact.

To avoid arbitrary division of the world into system and apparatus, we
must work straight away with some model of the world as a whole. Let this
‘world’ be simply a large number N of particles, with Hamiltonian

2
H=F 50+ 3 Varltn =) ©

The world wave function Y(r,t), where r stands for all the rs, evolves
according to

2 Y0t) = —iHy ®
We will need the purely mathematical consequence of this that
P00+ T =0 @
where
plr, t)=y(r, 1)} ()
jalr,ty=M, ! Im {%l'*(r, t) a% Y(r, t)} (6)

We have to add classical variables. A democratic way to do this is to add
variables x,, X,, ... Xy in one-to-one correspondence with the rs. The xs are
supposed to have definite values at any time and to change according to

d . 19
g% = W 0%, 0= 55 - Tmlogy(x, ) )
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We then have a deterministic system in which everything is fixed by the
initial values of the wave ¥ and the particle configuration x. Note that in
this compound dynamical system the wave is supposed to be just as ‘real’
and ‘objective’ as say the fields of classical Maxwell theory — although its
action on the particles, (7), is rather original. No one can understand this
theory until he is willing to think of \ as areal objective field rather than just a
‘probability amplitude’. Even though it propagates not in 3-space but in 3N-
space.

From the ‘microscopic’ variables x can be constructed ‘macroscopic’
variables X

X”=F”(X1,....XN) (8)

~including in particular instrument readings, image density on photo-
graphic plates, ink density on computer output, and so on. Of course, there
is some ambiguity in defining such quantities — e.g.,, over precisely what
volume should the discrete particle density be averaged to define the
smooth macroscopic density? However, it is the merit of the theory that the
ambiguity is not in the foundation, but only at the level of identifying
objects of particular interest to macroscopic observers, and the ambiguity
arises simply from the grossness of these creatures.

It is thus from the xs, rather than from y, that in this theory we suppose
‘observables’ to be constructed. It is in terms of the xs that we would definea
‘psycho-physical parallelism’ —if we were pressed to go so far. Thus 1t
would be appropriate to refer to the xs as ‘exposed variables’ and toy as a
‘hidden variable’. It is ironic that the traditional terminology is the reverse
of this.

It remains to compare the pilot-wave theory with orthodox quantum
mechanics at a practical level, which is that of the xs. A convenient device
for this purpose is to imagine, in the context of the orthodox approach, a
sort of ultimate observer, outside the world and from time to time observing
its macroscopic aspects. He will see in particular other, internal, observers
at work, will see what their instruments read, what their computers print
out, and so on. In so far as ordinary quantum mechanics yields at the
appropriate level a classical world, in which the boundary between system
and observer can be rather freely moved, it will be sufficient to account for
what such an ultimate observer would see. If he were to observe at time t a
whole ensemble of worlds corresponding to an initial state

Y(ry,...rx,0)

he would see, according to the usual theory, a distribution of Xs given
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closely by
p(Xl9X27" .) = jdrldrz"'drN

HXy — Fi(r)H X, — Fy(r)-- 1Y(r, 1)}? 9)

with (t) obtained by solving the world Schrodinger equation. It would
not be exactly this, for his own activities cause wave-packet reduction and
spoil the Schrodinger equation. But macroscopic observations is supposed
to have not much effect on subsequent macroscopic statistics. Thus (4) is
closely the distribution implied by the usual theory. Moreover, it is easy to
construct in the pilot-wave theory an ensemble of worlds which gives the
distribution (9) exactly. It is sufficient that the configuration x should be
distributed according to

p(x, t)dx,dx,---dxy (10)

It is a consequence of (4) and (7) that (10) will hold at all times if it holds at
some initial time. Thus it suffices to specify in the pilot-wave theory that the
initial configuration x is chosen at random from an ensemble of configur-
ations in which the distribution is p(x, 0). It is only at this point, in defininga
comparison class of possible initial worlds, that anything like the orthodox
probability interpretation is invoked.

Then for instantaneous macroscopic configurations the pilot-wave
theory gives the same distribution as the orthodox theory, insofar as the
latter is unambiguous. However, this question arises: what is the good of
either theory, giving distributions over a hypothetical ensemble (of worlds!)
when we have only one world. The answer has been anticipated in the
introductory discussion of the a particle track. A long track is on the one
hand a single event, but is at the same time an ensemble of single scatterings.
In the same way a single configuration of the world will show statistical
distributions over its different parts. Suppose, for example, this world
contains an actual ensemble of similar experimental set-ups. In the same
way as for the a particle track it follows from the theory that the ‘typical’
world will approximately realize quantum mechanical distributions over
such approximately independent components!?®. The role of the hypo-
thetical ensemble is precisely to permit definition of the word ‘typical’.

So much for instantaneous configurations. Both theories give also
trajectories, by which instantaneous configurations at different times are
linked up. In the traditional theory these trajectories, like the configur-
ations, emerge only at the macroscopic level, and are constructed by
successive wave-packet reduction. In the pilot-wave theory macroscopic
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trajectories are a consequence of the microscopic trajectories determined by
the guiding formula (7).

To exhibit some features of these trajectories, consider a standard
example from quantum measurement theory — the measurement of a spin
component of a spin 1 particle. A highly simplified model for this can be
based on the interaction.

10

where ¢ is the Pauli matrix for the chosen component and r is the
‘instrument reading’ coordinate. For simplicity take the masses associated
with both particle and instrument reading to be infinite. Then other termsin
the Hamiltonian can be neglected, and the time-dependent coupling g(t) can
be supposed to arise from the passage of the particle along a definite
classical orbit through the instrument. Let the initial state be

¥m(0) = $(r)a, (12)

where ¢(r) is a narrow wave packet centred onr =0and m (= 1,2) is a spin
index; we choose the representation in which o is diagonal. The solution of
the Schrodinger equation

0 .
5;2 = —1Hy
1S
Ym(t) = o(r — (— 1)"h)a,, (13)
where
ht) = J dt'g(t) (14)

After a short time the two components of (13) will separate in r space.
Observation of the instrument reading will then, in the traditional view,
yield the values + h or — h with relative probabilities Ia1 |2 and |a,|?, and
with small uncertainties given by the width of the initial wave packet.
Because of wave-packet reduction, subsequent observation will reveal the
instrument continuing along whichever of the two trajectories, + h(t), was
in fact selected.

Consider now the pilot-wave version. Nothing new has to be said about
the orbital motion of the particle, which was already taken to be classical
and fixed. We do now have a classical variable x for the instrument reading.
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We could consider introducing classical variables for the spin motion, but
in the simplest version?® this is not done; instead the spin indices of the wave
function are just summed over in constructing densities and currents

p(r’ t) = lﬁ*(", t)lﬁ(", t) (15)
Jir, ) = Y*(r, hgoy(r, 1) (16)

with the summation implied, the slightly surprising form of j following from
the gradient form of the coupling (11), and from the absence of the normal
term (6) in the case of infinite mass. The motion of x is then determined by

dx

a? ‘—‘j(X, t)/p(x’ t)

or explicitly

b 2 lanlletc— (= rRyE(= 1

—=g— 17
TRRLAN SPNCIPY U 1

As soon as the wave packets have separated x = + g, accordingtox =~ + h.
Thus we have essentially the same two trajectories as the wave-packet
reduction picture, and they will be realized with the same relative
probabilities if x i1s supposed to have an initial probability distribution
|#(x)|* — this is the familiar general consequence, for instantaneous con-
figurations, of the method of construction. In any individual case, which
trajectory is selected is actually determined by the initial x value. But when
that value is not known, when it is known only to lie in the initial wave-
packet, whether the particle is deflected up or down is indeterminate for
practical purposes.

Consider now a slightly more complicated example, in which measure-
ments of the above kind are made simultaneously on two spin 1 particles.
Denote by r, and r, the coordinates of the two instruments. If the initial
state 1§

l)b»m(o) = ¢(r1)¢(r2)amn

solution of the Schrodinger equation yields

Ymnlt) = &y — (— D)"hy)(ry — (— 1)h3)a,, (18)
with

hy(t) =j dt'g,(t'), hz(t)zj' dt'g,(t’)

—® —®
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In the wave-packet reduction picture one of four possible trajectories,
(% hy, £ h;), will be realized, the relative probabilities being given by | a,,.|>.
The pilot-wave picture will give again an account identical for practical
purposes, although the outcome is in principle determined by initial values
of variables x, and x,.

But when examined in detail the microscopic trajectories are quite
peculiar during the brief initial period in which the different terms in (18)
still overlap in (ry,r;) space. The detailed time development of the xs is
given by

2 (= 1)@l *190xy — (= D)"hy) 12 d(x — (= 1)hy)I2

. m,n
X1 =40

2 G 21 9xy — (= 1)"hy)1? [ $(x; — (= 1))
m.n [ (19)
2 (= 1@l [ (s — (= 1)"hy) |21 $(xz — (= 1)'hy) I

X2=4;

Zlamn|2|¢(x1_’(* )™h) 2| lx, —(— 1)'hy)12 )

These expressions simplify greatly when the two spin states are uncorre-
lated, i.e., when a,,, factorizes

Amp = bmcn

The factors referring to the second particle then cancel out in the expression
for X, and those referring to the first particle cancel in the expression for X,
so that we have just two independent motions of the instrument pointers of
the type already discussed. However, in general the spin state does not
factorize. One can even envisage situations in which the two particles
interact at short range and strong spin correlations are induced which
persist when the particles subsequently move far apart. Then it follows from
(19) that the detailed behaviour of x; and x, depends not only on the
programmes h, and h, respectively of the local instruments, but also on those
of the remote instruments &, and h,. The detailed dynamics is quite non-local
in character. )

Could it be that this strange non-locality is a peculiarity of the very
particular de Broglie-Bohm construction of the classical sector, and could
be removed by a more clever construction? I think not. It now seems?! that
the non-locality is deeply rooted in quantum mechanics itself and will
persist in any completion. Could it be that in the context of relativistic
quantum theory ¢ would be a limiting velocity and the strange long-range
effects would propagate only subluminally? Not so. The aspects of quantum
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mechanics demanding non-locality remain in relativistic quantum mech-
anics. It may well be that a relativistic version of the theory, while Lorentz
invariant and local at the observational level, may be necessarily non-local
and with a preferred frame (or aether) at the fundamental level?2. Could we
not then just omit this fundamental level and restrict the classical variables
to some ‘observable’ ‘macroscopic’ level? The problem then would be to do
this with clean mathematics, and not just talk.

It can be maintained that the de Broglie-Bohm orbits, so troublesome in
this matter of locality, are not an essential part of the theory. Indeed it can
be maintained that there is no need whatever to link successive configur-
ations of the world into a continuous trajectory. Keeping the instantaneous
configurations, but discarding the trajectory, is the essential (in my opinion)
of the theory of Everett.

5 Everett (?)

The Everett (?) theory of this section will simply be the pilot-wave theory
without trajectories. Thus instantaneous classical configurations x are
supposed to exist, and to be distributed in the comparison class of possible
worlds with probability |i{2. But no pairing of configurations at different
times, as would be effected by the existence of trajectories, is supposed. And
it is pointed out that no such continuity between present and past
configurations is required by experience.

I would really prefer to leave the formulation at that, and proceed to
elucidate the last sentence. But some additional remarks must be made for
readers of Everett and De Witt, who may not immediately recognize the
formulation just made.

(A) First there is the ‘many-universe’ concept given prominence by
Everett and De Witt. In the usual theory it is supposed that only one
of the possible results of a measurement is actually realized on a given
occasion, and the wave function is ‘reduced’ accordingly. But Everett
introduced the idea that all possible outcomes are realized every time,
each in a different edition of the universe, which is therefore
continually multiplying to accommodate all possible outcomes of
every measurement. The psycho-physical parallelism is supposed
such that our representatives in a given ‘branch’ universe are aware
only of what is going on in that branch. Now it seems to me that this
multiplication of universes is extravagant, and serves no real purpose
in the theory, and can simply be dropped without repercussions. So 1
see no reason to insist on this particular difference between the
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Everett theory and the pilot-wave theory — where, although the wave
is never reduced, only one set of values of the variables x is realized at
any instant. Except that the wave is in configuration space, rather
than ordinary three-space, the situation is the same as in Maxwell-
Lorentz electron theory?3. Nobody ever felt any discomfort because
the field was supposed to exist and propagate even at points where
there was no particle. To have multiplied universes, to realize all
possible configurations of particles, would have seemed grotesque.

Then it could be said that the classical variables x do not appear in
Everett and De Witt. However, it is taken for granted there that
meaningful reference can be made to experiments having yielded one
result rather than another. So instrument readings, or the numbers on
computer output, and things like that, are the classical variables of the
theory. We have argued already against the appearance of such vague
quantities at a fundamental level. There is always some ambiguity
about an instrument reading; the pointer has some thickness and is
subject to Brownian motion. The ink can smudge in computer output,
and it is a matter of practical human judgement that one figure has
been printed rather than another. These distinctions are unimportant
in practice, but surely the theory should be more precise. It was for
that reason that the hypothesis was made of fundamental variables x,
from which instrument readings and so on can be constructed, so that
only at the stage of this construction, of identifying what is of direct
interest to gross creatures, does an inevitable and unimportant
vagueness intrude. I suspect that Everett and De Witt wrote as if
instrument readings were fundamental only in order to be intelligible
to specialists in quantum measurement theory.

Then there is the surprising contention of Everett and De Witt that
the theory ‘yields its own interpretation’. The hard core of this seems
to be the assertion that the probability interpretation emerges
without being assumed. In so far as this is true it is true also in the
pilot-wave theory. In that theory our unique world is supposed to
evolve in deterministic fashion from some definite initial state.
However, to identify which features are details critically dependent on
the initial conditions (like whether the first scattering is up or down in
an o particle track) and which features are more general (like the
distribution of scattering angles over the track as a whole) it seems
necessary to envisage a comparison class. This class we took to be a
hypothetical ensemble of initial configurations with distribution || 2.



Quantum mechanics for cosmologists 135

In the same way Everett has to attach weights to the different
branches of his multiple universe, and in the same way does so in
proportion to the norms of the relevant parts of the wave function.
Everett and De Witt seem to regard this choice as inevitable. I am
unable to see why, although of course it is a perfectly reasonable
choice with several nice properties.

(D) Finally there is the question of trajectories, or of the association of a
particular present with a particular past. Both Everett and De Witt do
indeed refer to the structure of the wave function as a ‘tree’, and a
given branch of a tree can be traced down in a unique way to the
trunk. In such a picture the future of a given branch would be
uncertain, or multiple, but the past would not. But, if I understand
correctly, this tree-hike structure is only meant to refer to a temporary
and rough way of looking at things, during the period that the initially
unfilled locations in a memory are progressively filled, labelling the
different branches of the tree only by the macroscopic-type vaxiables
describing the contents of the locations. When a more fundamental
description is adopted there is no reason to believe that the theory is
more asymmetric in time than classical statistical mechanics. There
also apparent irreversibility can arise (e.g., the increase of entropy)
when coarse-grained variables are used. Moreover, De Witt says
‘...every quantum transition taking place on every star, in every
galaxie, in every remote corner of the universe is splitting our local
world in myriads of copies of itself’. Thus De Witt seems to share our
idea that the fundamental concepts of the theory should be meaning-
ful on a microscopic level, and not only on some ill-defined
macroscopic level. But at the microscopic level there is no such
asymmetry in time as would be indicated by the existence of
branching and non-existence of debranching. Thus the structure of
the wave function is not fundamentally tree-like. It does not associate
a particular branch at the present time with any particular branch in
the past any more than with any particular branch in the future.
Moreover, it even seems reasonable to regard the coalescence of
previously different branches, and the resulting interference pheno-
mena, as the characteristic feature of quantum mechanics. In this
respect an accurate picture, which does not have any tree-like
character, is the ‘sum over all possible paths’ of Feynman.

Thus in our interpretation of the Everett theory there is no association of
the particular present with any particular past. And the essential claim is
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that this does not matter at all. For we have no access to the past. We have
only our ‘memories’ and ‘records’. But these memories and records are in
fact present phenomena. The instantaneous configuration of the xs can
include clusters which are markings in notebooks, or in computer memories,
or in human memories. These memories can be of the initial conditions in
experiments, among other things, and of the results of those experiments.
The theory should account for the present correlations between these
present phenomena. And in this respect we have seen it to agree with
ordinary quantum mechanics, in so far as the latter is unambiguous.

The question of making a Lorentz invariant theory on these lines raises
intriguing questions. For reality has been identified only at a single time.
This seems to be as much so in the many universe version, as in the one
universe version. In a Lorentz invariant theory would there be different
realities corresponding to different ways of defining the time direction in the
four-dimensional space?*? Or if these various realities are to be seen as
different aspects of one, and therefore correlated somehow, is this not falling
back towards the notion of trajectory?

Everett’s replacement of the past by memories is a radical solipsism —
extending to the temporal dimension the replacement of everything
outside my head by my impressions, of ordinary solipsism or positivism.
Solipsism cannot be refuted. But if such a theory were taken seriously it
would hardly be possible to take anything else seriously. So much for the
social implications?>, It is always interesting to find that solipsists and
positivists, when they have children, have life insurance.

In conclusion it is perhaps interesting to recall another occasion when the
presumed accuracy of a theory required that the existence of present
historical records should not be taken to imply that any past had indeed
occurred. The theory was that of the creation of the world*® in 4004 BC.
During the 18th century growing knowledge of the structure of the earth
seemed to indicate a more lengthy evolution. But it was pointed out that
God in 4004 BC would quite naturally have created a going concern. The
trees would be created with annular rings, although the corresponding
number of years had not elapsed. Adam and Eve would be fully grown, with
fully grown teeth and hair?’. The rocks would be typical rocks, some
occurring in strata and bearing fossils — of creatures that had never lived.
Anything else would not have been reasonable:?®

Si le monde n’eut été a la fois jeune et vieux, le grand, le sérieux, le
moral, disparaissaient de la nature, car ces sentiments tiennent par
essence aux choses antiques.... L’homme-roi naquit lui-méme a
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trente années, afin de s’accorder par sa majesté avec les antiques
grandeurs de son nouvel empire, de méme que sa compagne compta
sans doute seize printemps, qu'elle n’avait pourtant point vécu, pour
étre en harmonie avec les fleurs, les oiseaux, I'innocence, les amours, et
toute la jeune partie de I'univers.
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Bertlmann’s socks and the nature of reality

Introduction

The philosopher in the street, who has not suffered a course in quantum
mechanics, is quite unimpressed by Einstein—Podolsky—Rosen correla-
tions'. He can point to many examples of similar correlations in everyday
life. The case of Bertlmann’s socks is often cited. Dr. Bertlmann likes to wear
two socks of different colours. Which colour he will have on a given foot
on a given day is quite unpredictable. But when you see (Fig. 1) that the
first sock is pink you can be already sure that the second sock will not
be pink. Observation of the first, and experience of Bertlmann, gives
immediate information about the second. There is no accounting for tastes,
but apart from that there is no mystery here. And is not the EPR business
just the same?

Consider for example the particular EPR gedanken experiment of
Bohm? (Fig. 2). Two suitable particles, suitably prepared (in the ‘singlet
spin state’), are directed from a common source towards two widely
separated magnets followed by detecting screens. Each time the experiment
is performed each of the two particles is deflected either up or down at

Fig. 1.
les chavssettes —~
de M. Bertimann ’6\ ° N
et La nature
de la rdalisd ”ﬂ.ﬂ\

ronldu:m Hviof
ivim 'Y g

pinh




140 Speakable and unspeakable in quantum mechanics

the corresponding magnet. Whether either particle separately goes up or
down on a given occasion is quite unpredictable. But when one particle
goes up the other always goes down and vice-versa. After a little experience
it is enough to look at one side to know also about the other.

So what? Do we not simply infer that the particles have properties of
some kind, detected somehow by the magnets, chosen a la Bertimann by
the source — differently for the two particles? Is it possible to see this
simple business as obscure and mysterious? We must try.

To this end it is useful to know how physicists tend to think intuitively
of particles with ‘spin’, for it is with such particles that we are concerned.
In a crude classical picture it is envisaged that some internal motion gives
the particle an angular momentum about some axis, and at the same time
generates a magnetization along that axis. The particle is then like a httle
spinning magnet with north and south poles lying on the axis of rotation.
When a magnetic field is applied to a magnet the north pole is pulled one
way and the south pole is pulled the other way. If the field is uniform the
net force on the magnet is zero. But in a non-uniform field one pole is
pulled more than the other and the magnet as a whole is pulled in the
corresponding direction. The experiment in question involves such non-

Fig. 2. Einstein—Podolsky—Rosen-Bohm gedanken experiment with
two spin 1 particles and two Stern—Gerlach magnets.
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Fig. 3. Forces on magnet in non-uniform magnetic field. The field
points towards the top of the page and increases in strength in that
direction.
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uniform fields — set up by so-called ‘Stern—Gerlach’ magnets. Suppose that
the magnetic field points up, and that the strength of the field increases
in the upward direction. Then a particle with south—north axis pointing
up would be pulled up (Fig. 3). One with axis pointing down would be
pulled down. One with axis perpendicular to the field would pass through
the field without deflection. And one oriented at an intermediate angle
would be deflected to an intermediate degree. (All this is for a particle of
zero electric charge; when a charged particle moves 1n a magnetic field
there is an additional force which complicates the situation.)

A particle of given species is supposed to have a given magnetization.
But because of the variable angle between particle axis and field there
would still be a range of deflections possible in a given Stern-Gerlach
magnet. It could be expected then that a succession of particles would
make a pattern something like Fig. 4 on a detecting screen. But what is
observed in the simplest case is more like Fig. 5, with two distinct groups
of deflections (i.e., up or down) rather than a more or less continuous
band. (This simplest case, with just two groups of deflections, is that of
so-called ‘spin-}’ particles; for ‘spin-° particles there are (2j + 1) groups).

The pattern of Fig. 5 is very hard to understand in naive classical
terms. It might be supposed for example that the magnetic field first pulls
the little magnets into alignment with itself, like compass needles. But
even if this were dynamically sound it would account for only one group
of deflections. To account for the second group would require ‘compass-
needles’ pointing in the wrong direction. And anyway it is not dynamically
sound. The internal angular momentum, by gyroscopic action, should
stabilize the angle between particle axis and magnetic field. Well then,
could it not be that the source for some reason delivers particles with
axes pointing just one way or the other and not in between? But this is

@Peo g 0o
* ®

Fig. 4. Naive classical expectation for pattern on detecting screen
behind Stern—GerJach magnet.

gy

Fig. 5. Quantum mechanical pattern on screen, with vertical Stern—
Gerlach magnet.

o
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easily tested by turning the Stern—Gerlach magnet. What we get (Fig. 6)
is just the same split pattern as before, but turned around with the
Stern—-Gerlach magnet. To blame the absence of intermediate deflections
on the source we would have to imagine that it anticipated somehow the
orientation of the Stern—Gerlach magnet.

Phenomena of this kind® made physicists despair of finding any
consistent space-time picture of what goes on on the atomic and subatomic
scale. Making a virtue of necessity, and influenced by positivistic and
instrumentalist philosophies*, many came to hold not only that it is difficult
to find a coherent picture but that it is wrong to look for one — if not
actually immoral then certainly unprofessional. Going further still, some
asserted that atomic and subatomic particles do not have any definite
properties in advance of observation. There is nothing, that is to say, in
the particles approaching the magnet, to distinguish those subsequently
deflected up from those subsequently deflected down. Indeed even the
particles are not really there.

For example®, ‘Bohr once declared when asked whether the quantum
mechanical algorithm could be considered as somehow mirroring an
underlying quantum reality: “There is no quantum world. There is only
an abstract quantum mechanical description. It is wrong to think that
the task of physics is to find out how Nature is. Physics concerns what
we can say about Nature”’.

And for Heisenberg® ‘... in the experiments about atomic events we have
to do with things and facts, with phenomena that are just as real as any
phenomena in daily life. But the atoms or the elementary particles are
not as real; they form a world of potentialities or possibilities rather than
one of things or facts’.

And’ ‘Jordan declared, with emphasis, that observations not only disturb
what has to be measured, they produce it. In a measurement of position,
for example, as performed with the gamma ray microscope, “the electron
is forced to a decision. We compel it to assume a definite position; previously
it was, in general, neither here nor there; it had not yet-made its decision
for a definite position... If by another experiment the velocity of the
electron is being measured, this means: the electron is compelled to decide
itself for some exactly defined value of the velocity ... we ourselves produce
the results of measurement”’.

Fig. 6. Quantum mechanical pattern with rotated Stern—Gerlach
magnet.

L %4
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It is in the context of ideas like these that one must envisage the
discussion of the Einstein—Podolsky—Rosen correlations. Then it is a
little less unintelligible that the EPR paper caused such a fuss, and that
the dust has not settled even now. It is as if we had come to deny the
reality of Bertimann’s socks, or at least of their colours, when not looked
at. And as if a child has asked: How come they always choose different
colours when they are looked at? How does the second sock know what
the first has done?

Paradox indeed! But for the others, not for EPR. EPR did not use the
word ‘paradox’. They were with the man in the street in this business. For
them these correlations simply showed that the quantum theorists had
been hasty in dismissing the reality of the microscopic world. In particular
Jordan had been wrong in supposing that nothing was real or fixed in
that world before observation. For after observing only one particle the
result of subsequently observing the other (possibly at a very remote place)
1s immediately predictable. Could it be that the first observation somehow
fixes what was unfixed, or makes real what was unreal, not only for the
near particle but also for the remote one? For EPR that would be an
unthinkable ‘spooky action at a distance’8. To avoid such action at a
distance they have to attribute, to the space-time regions in question, real
properties in advance of observation, correlated properties, which
predetermine the outcomes of these particular observations. Since these
real properties, fixed in advance of observation, are not contained in
quantum formalism?, that formalism for EPR is incomplete. It may be
correct, as far as it goes, but the usual quantum formalism cannot be the
whole story.

It is important to note that to the limited degree to which determinism
plays a role in the EPR argument, it is not assumed but inferred. What
is held sacred is the principle of ‘local causality’ - or ‘no action at a
distance’. Of course, mere correlation between distant events does not by
itself imply action at a distance, but only correlation between the signals
reaching the two places. These signals, in the idealized example of Bohm,
must be sufficient to determine whether the particles go up or down. For
any residual undeterminism could only spoil the perfect correlation.

It is remarkably difficult to get this point across, that determinism is
not a presupposition of the analysis. There is a widespread and erroneous
conviction that for Einstein'® determinism was always the sacred principle.
The quotability of his famous ‘God does not play dice’ has not helped in
this respect. Among those who had great difficulty in seeing Einstein’s
position was Born. Pauli tried to help him!! in a letter of 1954:
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...1 was unable to recognize Einstein whenever you talked about
him in either your letter or your manuscript. It seemed to me as if
you had erected some dummy Einstein for yourself, which you then
knocked down with great pomp. In particular Einstein does not
consider the concept of ‘determinism’ to be as fundamental-as it is
frequently held to be (as he told me emphatically many times)...he
disputes that he uses as a criterion for the admissibility of a theory
the question: ‘Is it rigorously deterministic?...he was not at all
annoyed with you, but only said you were a person who will not listen.

Born had particular difficulty with the Einstein—Podolsky—Rosen
argument. Here is his summing up, long afterwards, when he edited the
Born-Einstein correspondence!?,

The root of the difference between Einstein and me was the axiom
that events which happen in different places A and B are independent
of one another, in the sense that an observation on the state of affairs
at B cannot teach us anything about the state of affairs at A.

Misunderstanding could hardly be more complete. Einstein had no
difficulty accepting that affairs in different places could be correlated.
What he could not accept was that an intervention at one place could
influence, immediately, affairs at the other.

These references to Born are not meant to diminish one of the towering
figures of modern physics. They are meant to illustrate the difficulty of
putting aside preconceptions and listening to what is actually being said.
They are meant to encourage you, dear listener, to listen a little harder.

Here, finally, is a summing-up by Einstein himself*3:

If one asks what, irrespective of quantum mechanics, is
characteristic of the world of ideas of physics, one is first of all struck
by the following: the concepts of physics relate to a real outside
world.... It is further characteristic of these physical objects that
they are thought of as arranged in a space-time. continuum. An
essential aspect of this arrangement of things in physics is that they
lay claim, at a certain time, to an existence independent of one
another, provided these objects ‘are situated in different parts of
space’.

The following idea characterizes the relative independence of objects
far apart in space (A and B): external influence on A has no direct
influence on B...

There seems to me no doubt that those physicists who regard the
descriptive methods of quantum mechanics as definitive in principle
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would react to this line of thought in the following way: they would
drop the requirement... for the independent existence of the physical
reality present in different parts of space; they would be justified in
pointing out that the quantum theory nowhere makes explicit use
of this requirement.

I admit this, but would point out: when I consider the physical
phenomena known to me, and especially those which are being so
successfully encompassed by quantum mechanics, I still cannot find
any fact anywhere which would make it appear likely that (that)
requirement will have to be abandoned.

I am therefore inclined to believe that the description of quantum
mechanics...has to be regarded as an incomplete and indirect
description of reality, to be replaced at some later date by a more
complete and direct one.

2 THustration

Let us illustrate the possibility of what Einstein had in mind in the context
of the particular quantum mechanical predictions already cited for the
EPRB gedanken experiment. These predictions make it hard to believe
in the completeness of quantum formalism. But of course outside that
formalism they make no difficulty whatever for the notion of local
causality. To show this explicitly we exhibit a trivial ad hoc space-time
picture of what might go on. It is a modification of the naive classical
picture already described. Certainly something must be modified in that,
to reproduce the quantum phenomena. Previously, we implicitly assumed
for the net force in the direction of the field gradient (which we always
take to be in the same direction as the field) a form

Fcos#@ (1)

where @ is the angle between magnetic field (and field gradient) and particle
axis. We change this to

Fcos8/|cos 9. (2)

Whereas previously the force varied over a continuous range with 0, it
takes now just two values, + F, the sign being determined by whether the
magnetic axis of the particle points more nearly in the direction of the
field or in the opposite direction. No attempt is made to explain this
change in the force law. It is just an ad hoc attempt to account for the
observations. And of course it accounts immediately for the appearance
of just two groups of particles, deflected either in the direction of the
magnetic field or in the opposite direction. To account then for the
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Einstein—-Podolsky—Rosen—Bohm correlations we have only to assume
that the two particles emitted by the source have oppositely directed
magnetic axes. Then if the magnetic axis of one particle is more nearly
along (than against) one Stern—Gerlach field, the magnetic axes of the
other particle will be more nearly against (than along) a parallel Stern—
Gerlach field. So when one particle is deflected up, the other is deflected
down, and vice versa. There is nothing whatever problematic or mind-
boggling about these correlations, with parallel Stern—Gerlach analyzers,
from the Einsteinian point of view.

So far so good. But now go a little further than before, and consider
non-parallel Stern—Gerlach magnets. Let the first be rotated away from
some standard position, about the particle line of flight, by an angle a.
Let the second be rotated likewise by an angle b. Then if the magnetic
axis of either particle separately is randomly oriented, but if the axes of
the particles of a given pair are always oppositely oriented, a short
calculation gives for the probabilities of the various possible results, in
the ad hoc model,

la~b|
P(up, up) = P(down,down) = o
> 3
P(up, down) = P(d y=1_la—bl ?
(up,down) = P(down, up) = 5 |

where ‘up’ and ‘down’ are defined with respect to the magnetic fields of
the two magnets. However, a quantum mechanical calculation gives

. 1/ . a—b\?
P(up, up) = P(down, down)=§ sin 5

‘ (4)

1 1/ . a—>b\?
P(up,down) = P(down, up)=§—§ sin 5

Thus the ad hoc model does what is required of it (1.e., reproduces quantum
mechanical results) only at (a — b)=0, (a — b)=n/2 and (a — b)=m, but
not at intermediate angles. )

Of course this trivial model was just the first one we thought of, and it
worked up to a point. Could we not be a little more clever, and devise a
model which reproduces the quantum formulae completely? No. It cannot
be done, so long as action at a distance 1s excluded. This point was realized
only subsequently. Neither EPR nor their contemporary opponents were
aware of it. Indeed the discussion was for long entirely concentrated on the
points |a —b| =0, n/2, and 7.
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3 Difficulty with locality

To explain this dénouement without mathematics I cannot do better than
follow d’Espagnat'#''>, Let us return to socks for a moment. One of the
most important questions about a sock is ‘will it wash’? A consumer
research organization might make the question more precise: could the
sock survive one thousand washing cycles at 45°C? Or at 90°C? Or at 0°C?
Then an adaptation of the Wigner-d’Espagnat inequality'® applies. For
any collection of new socks:

(the number that could pass at 0° and not at 45°) ‘
plus
(the number that could pass at 45° and not at 90°)
is not less than
(the number that could pass at 0° and not at 90°) |

v

()

This is trivial, for each member of the third group either could survive at
45° and so is also in the second group, or could not survive at 45°, and so is
also in the first group.

But trivialities like this, you will exclaim, are of no interest in consumer
research! You are right; we are straining here a little the analogy between
consumer research and quantum philosophy. Moreover, you will insist, the
statement has no empirical content. There is no way of deciding thata given
sock could survive at one temperature and not at another. If it did not
survive the first test it would not be available for the second, and even if it
did survive the first test it would no longer be new, and subsequent tests
would not have the original significance.

Suppose, however, that the socks come in pairs. And suppose that we
know by experience that there is little variation between the members of a
pair, in that if one member passes a given test then the other also passes that

same test if it is performed. Then from d’ Espagnat’s inequality we can infer
the following:

(the number of pairs in which one could pass at 0° and
the other not at 45°)
plus
(the number of pairs in which one could pass at 45° and
the other not at 90°)
is not less than
(the number of pairs in which one could pass at 0° and
the other not at 90°)

v/

(6)

7

This is not yet empirically testable, for although the two tests in each
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bracket are now on different socks, the different brackets involve different
tests on the same sock. But we now add the random sampling hypothesis: if
the sample of pairs is sufficiently large and if we choose at random a big
enough subsample to suffer a given pair of tests, then the pass/fail fractions
of the subsample can be extended to the whole sample with high
probability. Identifying such fractions with probabilities in a thoroughly
conventional way, we now have

(the probability of one sock passing at 0° and \
the other not at 45°)
plus
(the probability of one sock passing at 45° and
the other not at 90°) T )
is not less than
(the probability of one sock passing at 0° and
the other not at 90°) )

Moreover this is empirically meaningful is so far as probabilities can be
determined by random sampling.

We formulated these considerations first for pairs of socks, moving with
considerable confidence in those familiar objects. But why not reason
similarly for the pairs of particles of the EPRB experiment? By blocking off
the ‘down’ channels in the Stern—Gerlach magnets, allowing only particles
deflected ‘up’ to pass, we effectively subject the particles to tests which they
either pass or do not. Instead of temperatures we now have angles aand b at
which the Stern—Gerlach magnets are set. The essential difference, a trivial
one, is that the particles are paired a la Bertimann — if one were to pass a
given test the other would be sure to fail it. To allow for this we simply take
the converse of the second term in each bracket:

(the probability of one particle passing at 0° and |
the other at 45°)
plus
(the probability of one particle passing at.45° and
the other at 90°) b (8)
is not less than
(the probability of one particle passing at 0° and
the other at 90°) J

In case any one finds the detour by socks a little long, let us look directly
at this final result and see how trivial it is. We are assuming that particles
have properties which dictate their ability to pass certain tests — whether or
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not these tests are in fact made. To account for the perfect anticorrelation
when identical tests (parallel Stern—Gerlach magnets) are applied to the
two members of a pair, we have to admit that the pairing is generalized d 1a
Bertlmann — when one has the ability to pass a certain test, the other has
not. Then the above assertion about pairs is equivalent to the following
assertion about either member:

(the probability of being able to pass at 0° and

not able at 45°)
plus

(the probability of being able to pass at 45° and

not able at 90°) r 9
is not less than

(the probability of being able to pass at 0° and

not able at 90°) J

And this is indeed trivial. For a particle able to pass at 0° and not at 90° (and
so contributing to the third probability in (9)) is either able to pass at 45°
(and so contributes to the second probability) or not able to pass at 45° (and
so contributes to the first probability).

However, trivial as it is, the inequality is not respected by quantum
mechanical probabilities. From (4) the quantum mechanical probability for
one particle to pass a magnet with orientation a and the other to pass a
magnet with orientation b (called P (up, up)) in (4) is

lina—b2
2\

Inequality (9) would then require

1(sin 22.5°)? 4 4(sin 22.5°)% > 4(sin 45°)?
or
0.1464 > 0.2500

which is not true.

Let us summarize once again the logic that leads to the impasse. The
EPRB correlations are such that the result of the experiment on one side
immediately foretells that on the other, whenever the analyzers happen to
be parallel. If we do not accept the intervention on one side as a causal
influence on the other, we seem obliged to admit that the results on both
sides are determined in advance anyway, independently of the intervention
on the other side, by signals from the source and by the local magnet setting.
But this has implications for non-parallel settings which conflict with those
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of quantum mechanics. So we cannot dismiss intervention on one side as a
causal influence on the other.

It would be wrong to say ‘Bohr wins again’ (Appendix 1); the argument
was not known to the opponents of Einstein, Podolsky and Rosen. But
certainly Einstein could no longer write so easily, speaking of local
causality ... I still cannot find any fact anywhere which would make it
appear likely that that requirement will have to be abandoned’.

4 General argument

So far the presentation aimed at simplicity. Now the aim will be
generality'’. Let us first list some aspects of the simple presentation which
are not essential and will be avoided.

The above argument relies very much on the perfection of the correlation
(or rather anticorrelation) when the two magnets are aligned (a = b) and
other conditions also are ideal. Although one could hope to approach this
situation closely in practice, one could not hope to realize it completely.
Some residual imperfection of the set-up would spoil the perfect anticorrel-
ation, so that occasionally both particles would be deflected down, or both
up. So in the more sophisticated argument we will avoid any hypothesis of
perfection.

It was only in the context of perfect correlation (or anticorrelation) that
determinism could be inferred for the relation of observation results to
preexisting particle properties (for any indeterminism would have spoiled
the correlation). Despite my insistence that the determinism was inferred
rather than assumed, you might still suspect somehow that it is a
preoccupation with determinism that creates the problem. Note well then
that the following argument makes no mention whatever of determinism.

You might suspect that there is something specially peculiar about spin-
1 particles. In fact there are many other ways of creating the troublesome
correlations. So the following argument makes no reference to spin-}
particles, or any other particular particles.

Finally you might suspect that the very notion of particle, and particle
orbit, freely used above in introducing the problem, has somehow led us
astray. Indeed did not Einstein think that fields rather than particles are at
the bottom of everything? So the following argument will not mention
particles, nor indeed fields, nor any other particular picture of what goes on
at the microscopic level. Nor will it involve any use of the words ‘quantum
mechanical system’, which can have an unfortunate effect on the discussion.
The difficulty is not created by any such picture or any such terminology. It
is created by the predictions about the correlations in the visible outputs of
certain conceivable experimental set-ups.



Bertlmann’s socks and the nature of reality 151

Consider the general experimental set-up of Fig. 7. To avoid inessential
details it is represented just as a long box of unspecified equipment, with
three inputs and three outputs. The outputs, above in the figure, can be
three pieces of paper, each with either ‘yes’ or ‘no’ printed on it. The central
input is just a ‘go’ signal which sets the experiment off at time t,. Shortly
after that the central output says ‘yes’ or ‘no’. We are only interested in the
‘yes’s, which confirm that everything has got off to a good start (e.g., there
are no ‘particles’ going in the wrong directions, and so on). At time t, + T
the other outputs appear, each with ‘yes’ or ‘no’ (depending for example on
whether or not a signal has appeared on the ‘up’ side of a detecting screen
behind a local Stern—Gerlach magnet). The apparatus then rests and
recovers internally in preparation for a subsequent repetition of the
experiment. But just before timet, + T,sayattimet, + T — J, signalsa and
b are injected at the two ends. (They might for example dictate that Stern—
Gerlach magnets be rotated by angles a and b away from some standard
position). We can arrange that c¢d « L, where cis the velocity of light and L
the length of the box; we would not then expect the signalat one end to have
any influence on the output at the other, for lack of time, whatever hidden
connections there might be between the two ends.

Sufficiently many repetitions of the experiment will allow tests of
hypotheses about the joint conditional probability distribution

P(A,B|a,b)

for results A and B at the two ends for given signals a and b.

Now of course it would be no surprise to find that the two results A and B
are correlated, ie., that P does not split into a product of independent
factors:

P(A, B|a,b) # P,(A]a)P,(B|b)

But we will argue that certain particular correlations, realizable according

Fig. 7. General EPR set-up, with three inputs below and three outputs
above.

yes/no yes/no yes/no
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to quantum mechanics, are locally inexplicable. They cannot be explained,
that is to say, without action at a distance.

To explain the ‘inexplicable’ we explain ‘explicable’. For example the
statistics of heart attacks in Lille and Lyons show strong correlations. The
probability of M cases in Lyons and N in Lille, on a randomly chosen day,
does not separate:

P(M, N)# P;(M)P,(N)

In fact when M is above average N also tends to be above average. You
might shrug your shoulders and say ‘coincidences happen all the time’, or
‘that’s life’. Such an attitude is indeed sometimes advocated by otherwise
serious people in the context of quantum philosophy. But outside that
peculiar context, such an attitude would be dismissed as unscientific. The
scientific attitude is that correlations cry out for explanation. And of course
in the given example explanations are soon found. The weather is much the
same in the two towns, and hot days are bad for heart attacks. The day of
the week is exactly the same in the two towns, and Sundays are especially
bad because of family quarrels and too much to eat. And so on. It seems
reasonable to expect that if sufficiently many such causal factors can be
identified and held fixed, the residual fluctuations will be independent, i.e.,

P(M,N|a,b,A)= P,(Mla, )P,(N\b, ) (10)

where a and b are temperatures in Lyons and Lille respectively, A denotes
any number of other variables that might be relevant, and P(M, N|a, b, 1) 1s
the conditional probability of M cases in Lyons and N in Lille for given
(a, b, A). Note well that we already incorporate in (10) a hypothesis of ‘local
causality’ or ‘no action at a distance’. For we do not allow the first factor to
depend on b, nor the second on a. That is, we do not admit the temperature
in Lyons as a causal influence in Lille, and vice versa.

Let us suppose then that the correlations between A and B in the EPR
experiment are likewise ‘locally explicable’. That is to say we suppose that
there are variables 4, which, if only we knew them, would allow decoupling
of the fluctuations:

P(A, Bla,b, A) = P(A|a, ) P,(B|b, ﬁ) (11)

We have to consider then some probability distribution f(A) over these
complementary variables, and it is for the averaged probability

P(A, Bla,b) = J dAf(A)P(A, Bla,b, A) (12)

that we have quantum mechanical predictions.
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But not just any function p(A, B|a, b) can be represented in the form (12).
To see this it is useful to introduce the combination

(13)

E(a,b)= ( P(yes, yes|a, b) + P(no,no|a, b))

— P(yes,no|a, b) — P(no, yes|a, b)

Then it 1s easy to show (Appendix 1) that if (12) holds, with however many
variables 4 and whatever distribution p(4), then follows the Clauser-Holt—
Horne-Shimony?!® inequality

|E(a,b) + E(a,b’) + E(a’,b)— E(a,b")| <2 (14)

According to quantum mechanics, however, for example with some
practical approximation to the EPRB gedanken set-up, we can have
approximately (from (4))

_ R\2 _h\2
E(a,b)=(sina2b> —(cosa b) = —cos{a—b) (15)

Taking for example
a=0° a=90°, b=45° b =—-45° (16)
We have from (15)

E(a,b) + E(a,b')+ E(a’,b) — E(a', b")
= —3cos45° +cos 135° = —2./2 (17)

This is in contradiction with (14). Note that for such a contradiction it is not
necessary to realize (15) accurately. A sufficiently close approximation is

enough, for between (14) and (17) there is a factor of \/i

So the quantum correlations are locally inexplicable. To avoid the
inequality we could allow P, in (11) to depend on b or P, to depend on a.
That is to say we could admit the input at one end as a causal influence at
the other end. For the set-up described this would be not only a mysterious
long range influence — a non-locality or action at a distance in the loose
sense — but one propagating faster than light (because cd « L)— a non-
locality in the stricter and more indigestible sense.

It is notable that in this argument nothing is said about the locality, or
even localizability, of the variable A. These variables could well include, for
example, quantum mechanical state vectors, which have no particular
localization in ordinary space-time. It is assumed only that the outputs 4
and B, and the particular inputs a and b, are well localized.
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S Envoi

By way of conclusion I will comment on four possible positions that might
be taken on this business — without pretending that they are the only
possibilities.

First, and those of us who are inspired by Einstein would like this best,
quantum mechanics may be wrong in sufficiently critical situations.
Perhaps Nature is not so queer as quantum mechanics. But the experi-
mental situation is not very encouraging from this point of view'®. It is true
that practical experiments fall far short of the ideal, because of counter
inefficiencies, or analyzer inefficiencies, or geometrical imperfections, and
so on. It is only with added assumptions, or conventional allowance for
inefficiencies and extrapolation from the real to the ideal, that one can say
the inequality is violated. Although there is an escape route there, it is hard
for me to believe that quantum mechanics works so nicely for inefficient
practical set-ups and is yet going to fail badly when sufficient refinements
are made. Of more importance, in my opinion, is the complete absence of
the vital time factor in existing experiments. The analyzers are not rotated
during the flight of the particles. Even if one is obliged to admit some long
range influence, it need not travel faster than light — and so would be much
less indigestible. For me, then, it is of capital importance that Aspect!®-2%is
engaged in an experiment in which the time factor is introduced.

Secondly, it may be that it is not permissible to regard the experimental
settings a and b in the analyzers as independent variables,as we did?'. We
supposed them in particular to be independent of the supplementary
variables 4, in that a and b could be changed without changing the
probability distribution p(A). Now even if we have arranged that a and b are
generated by apparently random radioactive devices, housed in separate
boxes and thickly shielded, or by Swiss national lottery machines, or by
elaborate computer programmes, or by apparently free willed experimental
physicists, or by some combination of all of these, we cannot be sure that a
and b are not significantly influenced by the same factors 4 that influence A
and B?!. But this way of arranging quantum mechanical correlations would
be even more mind boggling than one in which causal chains go faster than
light. Apparently separate parts of the world would be deeply and
conspiratorially entangled, and our apparent free will would be entangled
with them.

Thirdly, it may be that we have to admit that causal influences do go
faster than light. The role of Lorentz invariance in the completed theory
would then be very problematic. An ‘aether’ would be the cheapest
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solution?2. But the unobservability of this acther would be disturbing. So
would the impossibility of ‘messages’ faster than light, which follows from
ordinary relativistic quantum mechanics in so far as it is unambiguous
and adequate for procedures we can actually perform. The exact elucid-
ation of concepts like ‘message’ and ‘we’, would be a formidable challenge.

Fourthly and finally, it may be that Bohr’s intuition was right — in that
there is no reality below some ‘classical’ ‘macroscopic’ level. Then
fundamental physical theory would remain fundamentally vague, until
concepts like ‘macroscopic’ could be made sharper than they are today.

Appendix 1 - The position of Bohr

While imagining that I understand the position of Einstein?>'24, as regards

the EPR correlations, I have very little understanding of the position of
his principal opponent, Bohr. Yet most contemporary theorists have the
impression that Bohr got the better of Einstein in the argument and are
under the impression that they themselves share Bohr’s views. As an
indication of those views I quote a passage?® from his reply to Einstein,
Podolsky and Rosen. It is a passage which Bohr himself seems to have
regarded as definitive, quoting it himself when summing up much later2®,
Einstein, Podolsky and Rosen had assumed that .. .1if, without in any way
disturbing a system, we can predict with certainty the value of a physical
quantity, then there exists an element of physical reality corresponding to
this physical quantity’. Bohr replied: °..the wording of the above
mentioned criterion. .. contains an ambiguity as regards the meaning of the
expression “without in any way disturbing a system”. Of course thereis in a
case like that just considered no question of a mechanical disturbance of the
system under investigation during the last critical stage of the measuring
procedure. But even at this stage there is essentially the question of an
influence on the very conditions which define the possible types of predictions
regarding the future behaviour of the system. . . their argumentation does not
justify their conclusion that quantum mechanical description is essentially
incomplete... This description may be characterized as a rational utiliz-
ation of all possibilities of unambiguous interpretation of measurements,
compatible with the finite and uncontrollable interaction between the
objects and the measuring instruments in the field of quantum theory’.
Indeed 1 have very little idea what this means. I do not understand in
what sense the word ‘mechanical’ is used, in characterizing the disturbances
which Bohr does not contemplate, as distinct from those which he does. I do
not know what the italicized passage means — ‘an influence on the very
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conditions.... Could it mean just that different experiments on the first
system give different kinds of information about the second? But this was
just one of the main points of EPR, who observed that one could learn
either the position or the momentum of the second system. And then I do
not understand the final reference to ‘uncontrollable interactions between
measuring instruments and objects’, it seems just to ignore the essential
point of EPR that in the absence of action at a distance, only the first system
could be supposed disturbed by the first measurement and yet definite
predictions become possible for the second system. Is Bohr just rejecting the
premise — ‘no action at a distance’ — rather than refuting the argument?

Appendix 2 — Clauser—Holt—Horne—-Shimony inequality
From (13) and (11)

fod

E(a,b) = | dAf(A){P,(yes|a, &) — Py(nola, 1)}, { P(yes|b, ) — Py(no|b, 3)}

= | dA f()A(a, )B(b, A) (18)

o

where A and B stand for the first and second curly brackets. Note that since
the Ps are probabilities,

and it follows that
|A(a,2)| <1, |Bb,AI<1 (19)

From (18)

E(a,b) % E(a,b) < J 41 () Aa, HB(b, 2) + B, 1]
so from (19)
|E(@ b)+ E(@ b)) < J 41| B(b,7) + B', )|

likewise

|E(d’,b) ¥ E(a’, b))l < Jdlf(l)lﬁ(b, AF B, A

Using again (19),
| Bib, 7) + B(b', )| +1B(b,3) T Bp', H| <2

and then from

Jdlf(i)=1
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follows
|E(a, b) + E(a,b')| + | E(a’,b) ¥ E(@’,b')| <2 (20)

which includes (14).
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On the impossible pilot wave

1 Introduction

When I was a student I had much difficulty with quantum mechanics. It was
comforting to find that even Einstein had had such difficulties for a long
time. Indeed they had led him to the heretical conclusion that something
was missing in the theory!: ‘I am, in fact, rather firmly convinced that the
essentially statistical character of contemporary quantum theory is solely
to be ascribed to the fact that this (theory) operates with an incomplete
description of physical systems.’

More explicitly,? in ‘a complete physical description, the statistical
quantum theory would. . . take an approximately analogous position to the
statistical mechanics within the framework of classical mechanics.. ..

Einstein did not seem to know that this possibility, of peaceful
coexistence between quantum statistical predictions and a more complete
theoretical description, had been disposed of with great rigour by J. von
Neumann.® I myself did not know von Neumann’s demonstration at first
hand, for at that time it was available only in German, which I could not
read. However I knew of it from the beautiful book by Born,* Natural
Philosophy of Cause and Chance, which was in fact one of the highlights of
my physics education. Discussing how physics might develop Born wrote: ‘1
expect. .. that_we shall have to sacrifice some current ideas and to use still
more abstract methods. However these are only opinions. A more concrete
contribution to this question has been made by J. v. Neumann in his
brilliant book, Mathematische Grundlagen der Quantenmechanik. He puts
the theory on an axiomatic basis by deriving it from a few postulates of a
very plausible and general character, about the properties of ‘expectation
values’ (averages) and their representation by mathematical symbols. The
result is that the formalism of quantum mechanics is uniquely determined
by these axioms; in particular, no concealed parameters can be introduced
with the help of which the indeterministic description could be transformed
into a deterministic one. Hence if a future theory should be deterministic, it
cannot be a modification of the present one but must be essentially different.
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How this could be possible without sacrificing a whole treasure of well
established results I leave to the determinists to worry about.’

Having read this, I relegated the question to the back of my mind and got
on with more practical things.

But in 1952 I saw the impossible done. It was in papers by David Bohm.?
Bohm showed explicitly how parameters could indeed be introduced, into
nonrelativistic wave mechanics, with the help of which the indeterministic
description could be transformed into a deterministic one. More import-
antly, in my opinion, the subjectivity of the orthodox version, the necessary
reference to the ‘observer,” could be eliminated.

Moreover, the essential idea was one that had been advanced already by
de Broglie® in 1927, in his ‘pilot wave’ picture.

But why then had Born not told me of this “pilot wave’? If only to point
out what was wrong with i1t? Why did von Neumann not consider it? More
extraordinarily, why did people go on producing ‘impossibility’ proofs,”’ 12
after 1952, and as recently as 19783142 When even Pauli,!> Rosenfeld,!®
and Heisenberg,!” could produce no more devastating criticism of Bohm’s
version than to brand it as ‘metaphysical’ and ‘ideological’? Why is the pilot
wave picture ignored in text books? Should it not be taught, not as the only
way, but as an antidote to the prevailing complacency? To show that
vagueness, subjectivity, and indeterminism, are not forced on us by
experimental facts, but by deliberate theoretical choice?

I will not attempt here to answer these questions. But, since the pilot
wave picture still needs advertising, I will make here another modest
attempt to publicize it, hoping that it may fall into the hands of a few of the
many to whom even now it will be new. I will try to present the essential
idea, which is trivially simple, so compactly, so lucidly, that even some of
those who know they will dislike it may go on reading, rather than set the
matter aside for another day.

2 A simple model

Consider a system whose wavefunction has one discrete argument, a, and
one continuous argument, x, as well as time, ¢:

Y(a,x,t)
a=12...N
—w<xX< +

It might be a particle free to move in one-dimension and having an ‘intrinsic
spin.’ Consider ‘observables’ O which involve only the spin, and so can be
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represented by finite matrices:
0¥ (a,x) =) O(a,b)¥(b, )

To ‘measure’ such an observable, suppose that we can contrive an
interaction, with some external field, which is represented by the addition
to the Hamiltonian of a term?

gO(h/1)(0/0x)

where g is a coupling constant. Suppose for simplicity that the particle
is infinitely massive, so that this interaction Hamiltonian is the complete
Hamiltonian.> Then the Schrddinger equation is readily solved. It is
convenient to introduce the eigenvectors of O

a,()

and corresponding eigenvalues
0,

defined by
Oa,(a) = 0,a,(a)

Then the initial state can be expanded

¥(a,x,0) =) @, (x)a,(a)

and the solution of the Schrodinger equation is

¥(a,x,t) =), @,(x ~ g0,t)(a)

That is to say, the various wavepackets ® move apart from one another,
and after a sufficiently long time, whatever may have been the case initially,
overlap very little. Then any probable result of a position measurement
on the particle will correspond to a particular eigenvalue O,, a particular
0, being obtained with probability given by the norm of the corresponding
wavepacket @,, i.e, by the strength of the corresponding eigenvector in
the expansion of the initial state. We have here a model of something like
a Stern-Gerlach experiment. Conventionally the process is said ‘to
measure observable O with result 0,

To complete this picture, a la de Broglie and Bohm, we add to the
wavefunction ¥ a particle position

X(1)

If a position measurement is made at time t, then the result is X(¢), but
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even when no measurement is made X(t) exists. The particle, in this picture,
always has a definite position. The time evolution of particle position is
determined by

(d/de) X(2) = j(X (@), )/ p(X(2), 1)
where

px, 1) =Y ¥*(a,x,0)¥(a,x,1)
Jjx,t)= Z Y*(a, x,t) gO(a, b)¥ (b, x, 1)
a,b

Note that the Schrodinger equation implies the continuity equation
(9/0t)p + (9/0x)j =0

It is assumed that, over many repetitions of the experiment, various X(o)
occur with the probability distribution

p(X(0), 0)dX(0)

where p is given as above in terms of the initial wavefunction. Then itis a
theorem that the probability distribution over X(t) is

p(X(1), ) dX (1)

This is the conventional quantum distribution for position, and so
we have the conventional predictions for the result of the Stern—Gerlach
experiment. For the experiment, despite all the talk about ‘spin,’ is finally
about position observations.

Note that in this theory probability enters once only, in connection
with initial conditions, as in classical statistical mechanics. Thereafter the
joint evolution of ¥ and X is perfectly deterministic.

Note that in this theory the wavefunction ¥ has the role of a physically
real field, as real here as Maxwell’s fields were for Maxwell. Quantum
mechanics students sometimes have difficulty with the fact that in the
pilot wave picture the particle position X and the argument of the
wavefunction x are separate variables. But the situation, in this respect,
is just that of Maxwell. He also had fields extending over space, and
particles located at particular points. Of course the field at the particular
point is that most immediately relevant for the motion of the particular
particle.

Although ¥ is a real field it does not show up immediately in the result
of a single ‘measurement,” but only in the statistics of many such results.
It is the de Broglie-Bohm variable X that shows up immediately each
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time. That X rather than W is historically called a ‘hidden’ variable is a
piece of historical silliness.

Note that from the present point of view the description of the
experiment as ‘measurement’.of ‘spin observable’ O is an unfortunate one.
Our particle has no internal degrees of freedom. It 1s guided however by
a multicomponent field, and when this suffers the analogue of optical
multiple refraction, the particle is dragged one way or another depending
only on its initial position. We have here a very explicit illustration of the
lesson taught by Bohr. Experimental results are products of the complete
set-up, ‘system’ plus ‘apparatus,” and should not be regarded as ‘measure-
ments’ of preexisting properties of the ‘system’ alone.

3 The holes in the nets

It i1s easy to find good reasons for disliking the de Broglie—-Bohm
picture. Neither de Broglie'® nor Bohm'? liked it very much; for both of
them it was only a point of departure. Einstein also2° did not like it very
much. He found it ‘too cheap,’ although, as Born?° remarked, ‘it was
quite in line with his own ideas’.2':22 But like it or lump it, it is perfectly
conclusive as a counter example to the idea that vagueness, subjectivity,
or indeterminism, are forced on us by the experimental facts covered
by nonrelativistic quantum mechanics., What then is wrong with the
impossibility proofs? Here I will consider only three of them, the most
famous (incontestably), the most instructive (in my opinion), and the most
recently published (to my knowledge). More, and more details, can be
found elsewhere.%+23723

It will be useful to denote by
R(0,¥(0), X{(0))

the result of ‘measuring’ O in the above way, for given initial X and ‘F.
This function can be calculated in principle by solving first the Schrodinger
equation for W and then solving the guiding equation for X. For some
cases this has even been done explicitly.2627 Note well that the values
taken by R are the eigenvalues of O.

The vital assumption in the famous proof of von Neumann is that, for
operators connected by a linear relation,

O =pP+qQ
the results R are similarly related:

R(0,¥(0), X(0)) = pR(P, ¥(0), X(0)) + qR(Q, ¥(0), X(0))
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Now this must certainly hold when averaged over X(o0) to give quantum
expectation values. But it cannot possibly hold before averaging, for the
individual results R are eigenvalues, and eigenvalues of linearly related
operators are not linear related. For example let P and ¢ be components
of spin angular momentum in perpendicular directions

P:Sm Q=Sy

and let O be the component along an intermediate direction

0=(P+0Q)/2

In the simple case of spin-1/2, the eigenvalues of O, P, Q, are all of magnitude
1/2, and the von Neumann requirement would read

+1/2=(+ 12+ 1/2//2

— which is impossible indeed. Because the de Broglie-Bohm picture agrees
with quantum mechanics in having the eigenvalues as the results of
individual measurements — it is excluded by von Neumann. His ‘very
general and plausible’ postulate is absurd.

More instructive is the Gleason—Jauch proof. I was told of it by J. M.
Jauch in 1963. Not all of the powerful mathematical theorem of Gleason?®
is required, but only a corollary which is easily proved by itself.? (The
idea was later rediscovered by Kochen and Specker!!; see also Belinfante?*
and Fine and Teller?®.) Jauch saw that Gleason’s theorem implied a result
like that of von Neumann but with a weaker additivity assumption —for
commuting operators only

[P’Q:':O

Since the eigenvalues of commuting operators are additive, additivity of
the ‘measurement’ results is not manifestly absurd. Perhaps it seems
particularly plausible when the commuting ‘observables’ involved are
‘measured’ at the same time. So let us go immediately to that case. It is
sufficient to consider a complete set of orthogonal spin projection operators
P, ie., a set such that

Pan = PmPn = Pnanm
and

TP,=1

The eigenvalues of such projection operators are all either zero or unity
and, because the operators add to unity, the additivity hypothesis for
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‘measurement’ results means simply that on ‘measurement’ one and only
one of the operators will give unity, the others giving zero. It is easy to
model this situation by an adaptation of the model described above. In
the interaction Hamiltonian, gO is replaced by

;g..P..

The solution of the Schrodinger equation goes through as before in terms
of simultaneous eigenvectors a of all the P,. The various final wavepackets
are displaced by distances g,. The particle is found finally in one of these
wavepackets; and, if the g, are all different, this singles out one of the
operators P, as that for which the result of the ‘measurement’ is unity
rather than zero. However the Gleason—Jauch argument depends also on
another assumption. For a given operator P, it is possible (when the
dimension N of the spin space exceeds 2) to find more than one set of
other orthogonal projection operators to complete it:

1=P1 +P2+P3...
=P1+P,2+P,3...

where P,... compute with P,, and with one another, but not with
P,.... And the extra assumption is this: the result of ‘measuring’ P, is
independent of which complementary set, P,... or P)..., is ‘measured’
at the same time. The de Broglie—Bohm picture does not respect this.
Even though the two sets of operators have P, in common, the eigenvectors
a are different, and the particle orbits X(t) are different, as well as P(t),
for given X(0) and W(0). There is nothing unacceptable, or even surprising,
about this. The Hamiltonians are different in the two cases. We are doing
a different experiment when we arrange to ‘measure’ P).... rather than
P,.... along with P,. The apparent freedom of the Gleason-Jauch
argument from implausible assumptions about incompatible ‘observables’
is illusory. In denying the Gleason—-Jauch independence hypothesis,
the de Broglie-Bohm picture illustrates rather the importance of the
experimental set-up as a whole, as insisted on by Bohr. The Gleason-Jauch
axiom is a denial of Bohr’s insight.

The proof of Jost!? concerns unstable ‘identical’ particles. He remarks
that if decay time of similar nuclei were somehow determined in advance,
by some parameters additional to the quantum wavefunction, then the
nuclei would not be really identical and could not show the appropriate
Fermi or Bose statistics. But again the difficulty disappears in the light
of the pilot wave picture. The existing nonrelativistic version could not
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cope with beta decay. But it has no difficulty with alpha decay or fission
(or even gamma decay®) when the unstable nuclei are regarded as
composites of stable protons and neutrons. There is no problem in
generalizing the de Broglie-Bohm picture to many particle systems.> The
wavefunction is just that of ordinary quantum mechanics, and respects
the usual symmetry or antisymmetry requirements. The added variables
(in the simplest version of the theory®3%31) are just particle positions,
and the measured probability distributions of these will be those of
quantum mechanics. Recognizing that it is always positions that we are
in the end concerned with, all the statistical predictions of quantum
mechanics are reproduced. This includes those phenomena associated with
‘identity of particles’.’> The anticipated difficulty does not arise.

3 Morals

The first moral of this story is just a practical one. Always test your
general reasoning against simple models.

The second moral is that in physics the only observations we must
consider are position observations, if only the positions of instrument
pointers. It is a great merit of the de Broglie-Bohm picture to force us
to consider this fact. If you make axioms, rather than definitions and
theorems, about the ‘measurement’ of anything else, then you commit
redundancy and risk inconsistency.

A final moral concerns terminology. Why did such serious people take
so seriously axioms which now seem so arbitrary? I suspect that they were
misled by the pernicious misuse of the word ‘measurement’ in con-
temporary theory. This word very strongly suggests the ascertaining of
some preexisting property of some thing, any instrument involved playing
a purely passive role. Quantum experiments are just not like that, as we
learned especially from Bohr. The results have to be regarded as the joint
product of ‘system’ and ‘apparatus,’ the complete experimental set-up. But
the misuse of the word ‘measurement’ makes it easy to forget this and
then to expect that the ‘results of measurements’ should obey some simple
logic in which the apparatus is not mentioned. The resulting difficulties
soon show that any such logic is not ordinary logic. It is my impression
that the whole vast subject of ‘Quantum Logic’ has arisen in this way
from the misuse of a word. I am convinced that the word ‘measurement’
has now been so abused that the field would be significantly advanced
by banning its use altogether, in favour for example of the word
‘experiment.’

There are surely other morals to be drawn here, if not by physicists
then by historians and sociologists.3?:33
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Of the various impossibility proofs, only those concerned with local
causality®*™7 seem now to retain some significance outside special
formalisms. The de Broglie-Bohm theory is not a counter example in this
case. Indeed it was the explicit representation of quantum nonlocality in
that picture which started a new wave of investigation in this area. Let
us hope that these analyses also may one day be illuminated, perhaps
harshly, by some simple constructive model.

However that may be, long may Louis de Broglie continue to inspire
those who suspect that what is proved by impossibility proofs is lack of
imagination.
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Note added in proof

I am sorry to have missed, before writing the above, an early paper by
E. Specker (Dialectia 14, 239 (1960), or in C. A. Hooker, ed.,, The
Logico-Algebraic Approach to Quantum Mechanics, p.135. Reidel,
Dordrecht, (1975)). It announced already what I have called the Gleason—
Jauch result. Specker did not know of the work of Gleason, but mentioned
rather the possibility of an ‘clementary geometrical argument’ — presumably

of the kind that I myself gave later® as a preliminary to criticism of the
axioms,
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Speakable and unspeakable in quantum mechanics

‘....the history of cosmic theories may without exaggeration be called a
history of collective obsessions and controlled schizophrenias; and the
manner in which some of the most important individual discoveries were
arrived at reminds one of a sleepwalker’s performance....

This is a quotation from A. Koestler’s book The Sleepwalkers. It is an
account of the Copernican revolution, with Copernicus, Kepler, and Galilei
as heroes. Koestler was of course impressed by the magnitude of the step
made by these men. He was also fascinated by the manner in which they
made it. He saw them as motivated by irrational prejudice, obstinately
adhered to, making mistakes which they did not discover, which somehow
cancelled at the important points, and unable to recognize what was
important in their results, among the mass of details. He concluded that
they were not really aware of what they were doing...sleepwalkers. I
thought it would be interesting to keep Koestler’s thesis in mind as we
hear at this meeting about contemporary theories from contemporary
theorists.

For many decades now our fundamental theories have rested on the
two great pillars to which this meeting is dedicated: quantum theory and
relativity. We will see that the lines of research opened up by these theories
remain splendidly vital. We will see that order is brought into a vast and
expanding array of experimental data. We will see even a continuing
ability to get ahead of the experimental data... as with the existence and
masses of the W and Z mesons. Perhaps this more than anything convinces
us that there is truth in what is done.

In the manner in which this progress is made, will we see again any
elements of Koestler’s picture? Certainly we will see nothing hke the
obsessive commitment of the old heroes to their hypotheses. Our theorists
take up and put down hypotheses with light hearts, playfully. There is no
religious intensity in it. And certainly no fear of becoming involved in
litigation with the religious authorities. As for technical mistakes, our
theorists do not make them. And they see at once what is important and
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what is detail. So it is another feature of contemporary progress which
reminds me of the title of Koestler’s book. This progress is made in spite
of the fundamental obscurity in quantum mechanics. Qur theorists stride
through that obscurity unimpeded... sleepwalking?

The progress so made is immensely impressive. If it is made by sleep-
walkers, is it wise to shout ‘wake up’? I am not sure that it is. So I speak
now in a very low voice.

In a moment I will try to locate the ‘Problem’ of quantum mechanics.
But first let me argue against a myth... that quantum theory had undone
somehow the Copernican revolution. From those who made that
revolution we learned that the world is more intelligible when we do not
imagine ourselves to be at the centre of it. Does not quantum theory again
place ‘observers’...us...at the centre of the picture? There is indeed much
talk of ‘observables’ in quantum theory books. And from some popular
presentations the general public could get the impression that the very
existence of the cosmos depends on our being here to observe the observ-
ables. I do not know that this is wrong. I am inclined to hope that we
are indeed that important. But I see no evidence that it is so in the success
of contemporary quantum theory.

So I think it is not right to tell the public that a central role for conscious
mind is integrated into modern atomic physics. Or that ‘information’ is
the real stuff of physical theory. It seems to me irresponsible to suggest
that technical features of contemporary theory were anticipated by the
saints of ancient religions... by introspection.

The only ‘observer’ which is essential in orthodox practical quantum
theory is the inanimate apparatus which amplifies microscopic events to
macroscopic consequences. Of course this apparatus, in laboratory
experiments, is chosen and adjusted by the experimenters. In this sense
the outcomes of experiments are indeed dependent on the mental processes
of the experimenters! But once the apparatus is in place, and functioning
untouched, it is a matter of complete indifference. .. according to ordinary
quantum mechanics... whether the experimenters stay around to watch,
or delegate such ‘observing’ to computers.

Why this necessity to refer to ‘apparatus’ when we would discuss
quantum phenomena? The physicists who first came upon such
phenomena found them so bizarre that they despaired of describing them in
terms of ordinary concepts like space and time, position and velocity. The
founding fathers of quantum theory decided even that no concepts could
possibly be found which could permit direct description of the quantum
world. So the theory which they established aimed only to describe
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systematically the response of the apparatus. And what more, after all, is
needed for application? It is as if our friends could not find words to tell us
about the very strange places where they went on holiday. We could see for
ourselves whether they came back browner or fatter. This would be enough
for us to be able to advise other friends, who might wish to be browner or
fatter, about those strange places. Qur apparatus visits the microscopic
world for us, and we see what happens to it as a result.

The ‘Problem’ then is this: how exactly is the world to be divided into
speakable apparatus...that we can talk about...and unspeakable
quantum system that we can not talk about? How many electrons, or
atoms, or molecules, make an ‘apparatus’? The mathematics of the ordinary
theory requires such a division, but says nothing about how it is to be
made. In practice the question is resolved by pragmatic recipes which
have stood the test of time, applied with discretion and good taste born
of experience. But should not fundamental theory permit exact mathe-
matical formulation?

Now in my opinion the founding fathers were in fact wrong on this
point. The quantum phenomena do not exclude a uniform description of
micro and macro worlds.. .system and apparatus. It is not essential to
introduce a vague division of the world of this kind. This was indicated
already by de Broglie in 1926, when he answered the conundrum

wave or particle?
by
wave and particle.

But by the time this was fully clarified by Bohm in 1952, few theoretical
physicists wanted to hear about it. The orthodox line seemed fully justified
by practical success. Even now the de Broglie-Bohm picture is generally
ignored, and not taught to students. I think this is a great loss. For that
picture exercises the mind in a very salutary way.

The de Broglie-Bohm picture disposes of the necessity to divide the
world somehow into system and apparatus. But another problem is
brought into focus. This picture, and indeed, I think, any sharp formulation
of quantum mechanics, has a very surprising feature: the consequences of
events at one place propagate to other places faster than light. This happens
in a way that we cannot use for signalling. Nevertheless it is a gross
violation of relativistic causality. Moreover the specific quantum pheno-
mena that require such superluminal explanation have been largely realised
in the laboratory. .. especially by Aspect, Dalibard, and Roger, in Paris in
1982 (Phys. Rev. Lett. 49, 1804 (1982)).
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For me then this is the real problem with quantum theory: the apparently
essential conflict between any sharp formulation and fundamental
relativity. That is to say, we have an apparent incompatibility, at the
deepest level, between the two fundamental pillars of contemporary
theory...and of our meeting. I am glad therefore that in some of the
sessions we will stand back from the impressive technical details of current
progress to review this strange situation. It may be that a real synthesis
of quantum and relativity theories requires not just technical developments
but radical conceptual renewal.
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Beables for quantum field theory

Dedicated to Professor D. Bohm

1 Introduction

Bohm’s 1952 papers’ ? on quantum mechanics were for me a revelation.
The elimination of indeterminism was very striking. But more important, it
seemed to me, was the elimination of any need for a vague division of the
world into ‘system’ on the one hand, and ‘apparatus’ or ‘observer’ on the
other. I have always felt since that people who have not grasped the ideas of
those papers...and unfortunately they remain the majority...are handi-
capped in any discussion of the meaning of quantum mechanics.

When the cogency of Bohm’s reasoning is admitted, a final protest is
often this: it is all nonrelativistic. This is to ignore that Bohm himself, in an
appendix to one of the 1952 papers?2, already applied his scheme to the
electromagnetic field. And application to scalar fields is straightforward?.
However until recently*:>, to my knowledge, no extension covering Fermi
fields had been made. Such an extension will be sketched here. The need for
Fermi fields might be questioned. Fermions might be composite structures
of some kind®. But also they might not be, or not all. The present exercise
will not only include Fermi fields, but even give them a central role. The
dependence on the ideas of de Broglie” and Bohm®2, and also on my own
simplified extension to cover spin®°'1°, will be manifest to those familiar
with these things. However no such familiarity will be assumed.

A preliminary account of these notions®> was entitled ‘Quantum field
theory without observers, or observables, or measurements, or systems, or
apparatus, or wavefunction collapse, or anything like that’. This could
suggest to some that the issue in question is a philosophical one. But I insist
that my concern is strictly professional. I think that conventional formul-
ations of quantum theory, and of quantum field theory in particular, are
unprofessionally vague and ambiguous. Professional theoretical physicists
ought to be able to do better. Bohm has shown us a way.

It will be seen that all the essential results of ordinary quantum field
theory are recovered. But it will be seen also that the very sharpness of the
reformulation brings into focus some awk ward questions. The construction
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of the scheme is not at all unique. And Lorentz invariance plays a strange,
perhaps incredible role.

2 Local beables

The usual approach, centred on the notion of ‘observable’, divides the world
somehow into parts: ‘system’ and ‘apparatus’. The ‘apparatus’ interacts
from time to time with the ‘system’, ‘measuring’ ‘observables’. During
‘measurement’ the linear Schrodinger evolution is suspended, and an ill-
defined ‘wavefunction collapse’ takes over. There is nothing in the
mathematics to tell what is ‘system’ and what is ‘apparatus’, nothing to tell
which natural processes have the special status of ‘measurements’. Discre-
tion and good taste, born of experience, allow us to use quantum theory
with marvelous success, despite the ambiguity of the concepts named above
in quotation marks. But it seems clear that in a serious fundamental
formulation such concepts must be excluded.

In particular we will exclude the notion of ‘observable’ in favour of that of
‘beable’. The beables of the theory are those elements which might
correspond to elements of reality, to things which exist. Their existence does
not depend on ‘observation’. Indeed observation and observers must be
made out of beables.

I use the term ‘beable’ rather than some more committed term like
‘being’ ! or ‘beer’? to recall the essentially tentative nature of any physical
theory. Such a theory is at best a candidate for the description of nature.
Terms like ‘being’, ‘beer’, ‘existent’!'13, etc., would seem to me lacking in
humility. In fact ‘beable’ is short for ‘maybe-able’.

Let us try to promote some of the usual ‘observables’ to the status of
beables. Consider the conventional axiom:

the probability of observables (A,B,...) (1)
if observed at time ¢
being observed to be (a,b,...)

18
Y.IKa,b,...qlt))?
q

where g denotes additional quantum numbers which
together with the eigenvalues (a,b,...)
form a complete set.
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This we replace by

the probability of beables (A,B,...) (2)
at time ¢
being (a,b,...)

18

Y I<a,b,...q|t)|?

where q denotes additional quantum numbers which
together with the eigenvalues (a, b,...)
form a complete set.

Not all ‘observables’ can be given beable status, for they do not all have
simultaneous eigenvalues, i.e. do not all commute. It is important to realize
therefore that most of these ‘observables’ are entirely redundant. What is
essential is to be able to define the positions of things, including the
positions of instrument pointers or (the modern equivalent) of ink on
computer output.

In making precise the notion ‘positions of things’ the energy density
Too(x) comes immediately to mind. However the commutator

[ Too(x), Too(y)]

is not zero, but proportional to derivatives of delta functions. So the Ty4(x)
do not have simultaneous eigenvalues for all x. We would have to devise
some new way of specifying a joint probability distribution.

We fall back then on a second choice — fermion number density. The
dfstribution of fermion number in the world certainly includes the positions
ofinstruments, instrument pointers, ink on paper,...and much much more.

For simplicity we replace the three-space continuum by a dense lattice,
keeping time t continuous (and real!). Let the lattice points be enumerated
by

1=1,2,...L

where L is very large. Define lattice point fermion number operators

v (D)

where summation over Dirac indices and over all Dirac fields is understood.
The corresponding eigenvalues are integers

F()=1,2,...4N
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where N is the number of Dirac fields. The fermion number configuration of
the world is a list of such integers

n=(F(1), F(2),... F(L))

We suppose the world to have a definite such configuration at every time t:

n(t)

The lattice fermion number are the local beables of the theory, being
associated with definite positions in space. The state vector |t) also we
consider as a beable, although not a local one. The complete specification of
our world at time ¢ is then a combination

(1t>,n(t) 3)

It remains to specify the time evolution of such a combination.

3 Dynamics

For the time evolution of the state vector we retain the ordinary
Schrodinger equation,

d/dt|t) = —i1H|t) 4)

where H is the ordinary Hamiltonian operator.

For the fermion number configuration we prescribe a stochastic
development. In a small time interval dt configuration m jumps to
configuration n with transition probability

dtT,,, )
where
Tom=Jum/Dm (6)
Jum=D.2Re(t|ng){nq| —iH|mp) (mp|t) (N
D, =} |{mq|t>|? ' (8)
provided J,,, > 0, but
T,=0 if J,, <0 9

From (5) the evolution of a probability distribution P, over configur-
ations n is given by

d/dtP, =} (TumPm— TrnP,) (10)
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Compare this with a mathematical consequence of the Schrodinger
equation (4):

d/dt|{nqit)|* =) 2Relt|ng)<{nq| —iH|mp) {mp|t)

or

d/dtDn=ZJnm=Z(Tanm_TmnDn) (11)

If we assume that at some initial time

P,(0) = D,(0) (12)
then from (11) the solution of (10) is
P,(t) = D(t) (13)

Envisage then the following situation. In the beginning God chose 3-
space and 1-time, a Hamiltonian H, and a state vector |0 ). Then She chose
a fermion configuration n(0). This She chose at random from an ensemble of
possibilities with distribution D(0) related to the already chosen state vector
|0>. Then She left the world alone to evolve according to (4) and (5).

It is notable that although the probability distribution P in (13) is
governed by D and so byt ), thelatter is not to be thought of as just a way of
expressing the probability distribution. For us |t ) is an independent beable
of the theory. Otherwise its appearance in the transition probabilities (5)
would be quite unintelligible.

The stochastic transition probabilities (5) replace here the deterministic
guiding equation of the de Broglie-Bohm ‘pilot wave’ theory. The
introduction of a stochastic element, for beables with discrete spectra, is
unwelcome, for the reversibility’* of the Schrodinger equation strongly
suggests that quantum mechanics is not fundamentally stochastic in nature.
However I suspect that the stochastic element introduced here goes away in
some sense in the continuum limit.

4 OQFT and BQFT

OQFT is ‘ordinary’ ‘orthodox’ ‘observable’ quantum field theory, whatever
that may mean. BQFT is de Broglie-Bohm beable quantum field theory.
To what extent do they agree? The main difficulty with this question is the
absence of any sharp formulation of OQFT. We will consider two different
ways of reducing the ambiguity.

In OQFT1 the world is considered as one big experiment. God prepared
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it at the initial time ¢t = 0, and let it run. At some much later time T She will
return to judge the outcome. In particular She will observe the contents of
all the physics journals. This will include of course the records of our own
little experiments — as distributions of ink on paper, and so of fermion
number. From (13) the OQFT1 probability D that God will observe one
configuration rather than another is identical with the BQFT probability
P that the configuration is then one thing rather than another. In this
sense there is complete agreement between OQFT1 and BQFT on the
result of God’s big experiment — including the results of our little ones.
OQFT1,in contrast with BQF T, says nothing about events in the system
in between preparation and observation. However adequate this may be
from an Olympian point of view, it is rather unsatisfactory for us. We live in
between creation and last judgement — and imagine that we experience
events. In this respect another version of OQFT is more appealing. In

OQFT2, whenever the state can be resolved into a sum of two (or more)
terms

lt>=1t,1> +1t,2) (14)

which are ‘macroscopically different’, then in disregard for the Schrodinger
equation the state ‘collapses’ somehow into one term or the other:

t>—NIY2|1,1) with probability N, (15)
[t>— N7 12|t 2> with probability N,

where
N, =[{t,1|t,1}] N,={{1,2|t,2)| (16)

In this way the state is always, or nearly always, macroscopically
unambiguous and defines a macroscopically definite history for the world.
The words ‘macroscopic’ and ‘collapse’ and terribly vague. Nevertheless
this version of OQFT is probably the nearest approach to a rational
formulation of how we use quantum theory in practice.

Will OQF T2 agree with OQFT1 and BQFT at the final time 77 This is
the main issue in what is usually called ‘the Qua}ltum Measurement
Problem’. Many authors, analyzing many models, have convinced them-
selves that the state vector collapse of OQFT2 is consistent with the
Schrodinger equation of OQFT1 “for all practical purposes’!>. The idea is
that even when we retain both components in (13), evolving as required by
the Schrodinger equation, they remain so different as not to interfere in the
calculation of anything of interest. The following sharper form of this
hypothesis seems plausible to me: the macroscopically distinct components
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remain so different, for a very long time, as not to interfere in the calculation
of D and J®. In so far as this is true, the trajectories of OQFT2 and BQFT
will agree macroscopically.

5 Concluding remarks

We have seen that BQFT is in complete accord with OQFT1 as regards the
final outcome. It is plausibly consistent with OQFT2 in so far as the latter is
unambiguous. BQFT has the advantage over OQFT1 of being relevant at
all times, and not just at the final time. It is superior to OQFT2 in being
completely formulated in terms of unambiguous equations.

Yet even BQFT does not inspire complete happiness. For one thing there
is nothing unique about the choice of fermion number density as basic local
beable. We could have others instead, or in addition. For example the
Higg’s fields of contemporary gauge theories could serve very well to define
‘the positions of things’. Other possibilities have been considered by K.
Baumann*. I do not see how this choice can be made experimentally
significant, so long as the final results of experiments are defined so grossly
as by the positions of instrument pointers, or of ink on paper.

And the status of Lorentz invariance is very curtous. BQFT agrees with
OQFT on the result of the Michelson—Morley experiment, and so on. But
the formulation of BQFT relies heavily on a particular division of space-
time into space and time. Could this be avoided?

There is indeed a trivial way of imposing Lorentz invariance*. We can
imagine the world to differ from vacuum over only a limited region of
infinite Euclidean space (we forget general relativity here). Then an overall
centre of mass system is defined. We can simply assert that our equations
hold in this centre of mass system. Our scheme is then Lorentz invariant.
Many others could be made Lorentz invariant in the same way...for
example Newtonian mechanics. But such Lorentz invariance would not
imply a null result for the Michelsen—-Morley experiment... which could
detect motion relative to the cosmic mass centre. To be predictive, Lorentz
invariance must be supplemented by some kind of locality, or separability,
consideration. Only then, in the case of a more or less isolated object, can
motion relative to the world as a whole be deemed more or less irrelevant.

I do not know of a good general formulation of such a locality
requirement. In classical field theory, part of the requirement could be
formulation in terms of differential (as distinct from integral) equations in
3 + 1 dimensional space-time. But it seems clear that quantum mechanics
requires a much bigger configuration space. One can formulate a locality
requirement by permitting arbitrary external fields, and requiring that
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variation thereof have consequences only in their future light cones. In that
case the fields could be used to set measuring instruments, and one comes
into difficulty with quantum predictions for correlations related to those of
Einstein, Podolsky, and Rosen'8. But the introduction of external fields is
questionable. So I am unable to prove, or even formulate clearly, the
proposition that a sharp formulation of quantum field theory, such as that
set out here, must disrespect serious Lorentz invariance. But it seems to me
that this is probably so.

As with relativity before Einstein, there is then a preferred frame in the
formulation of the theory...but it is experimentally indistinguish-
able20-21-22 It seems an eccentric way to make a world.
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Six possible worlds of quantum mechanics

I suppose one could imagine laws of physics which would dictate that a
world be exactly so, and not otherwise, allowing no detail to be varied. But
what could dictate that those laws of physics be ‘the’ laws of physics? By
considering a spectrum of possible laws, one could again consider a
spectrum of possible worlds.

In fact the laws of physics of our actual world, as presently understood,
have no such dictatorial character. So that even with the laws given, a
spectrum’ of different worlds is possible. There are two kinds of freedom.
Although the laws say something about how a given state of the world may
develop, they say nothing (or anyway very little) about in what state the
world should start. So, to begin with, we have freedom as regards ‘initial
conditions’. To go on with, the future that can evolve from a given present is
not uniquely determined, according to contemporary orthodoxy. The laws
list various possibilities, and attach to them various probabilities.

"The relation between the set of possibilities and the unique actuality
which emerges is quite peculiar in modern ‘quantum theory’ — the contem-
porary all-embracing basic physical theory. The absence of determinism,

Fig. 1. Electron gun.
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the probabilistic nature of the assertions of the theory, is already a little
peculiar.. . at least in the light of pre-twentieth-century ‘classical’ physics.
But after all everyday life, if not classical physics, prepares us very well for
the idea that not everything is predictable, that chance is important. So it is
not in the indeterminism that the real surprise of quantum theory lies. There
are other aspects of quantum theory for which neither classical physics nor
everyday life prepares us at all.

As a result some very different conceptions, and some very strange ones,
have arisen, about how the visible phenomena might be incorporated into a
coherent theoretical picture. It is to several such very different possible
worlds that the title of this essay refers, rather than the permissible variation
of incidental detail within each. Before giving some account of these
schemes, we recall some of the phenomena with which they have to cope.

Atoms of matter can be pictured, to some extent, as small solar systems.
The electrons circulate about the nucleus as do the planets about the sun.
Since Newton we have very accurate laws for the motion of planets about
suns, and since Einstein laws more accurate still. Attempts to apply similar
laws to electrons in atoms meet with conspicuous failure. It was such failure
that led to the development of ‘quantum’ mechanics to replace ‘classical’
mechanics. Of course our ideas about electrons in atoms are arrived at only
indirectly, from the behaviour of pieces of matter containing many
electrons in many atoms. But in extreme conditions quantum ideas are
essential even for ‘free’ electrons, extracted from atoms, such as those which
create the image on a television screen. It is in this simpler context that we
will introduce the quantum ideas here.

In the ‘electron gun’ of a television set (Fig. 1) a wire W is heated, by
passage of an electric current, so that some electrons ‘boil off”. These are
attracted to a metal surface, by an electric field, and some of them pass
through a hole in it, H1. And some of those that pass through the hole H1
pass also through a second hole H2 in a second metallic surface, to emerge
finally moving towards the centre of a glass screen G. The impact of each
electron on the glass screen produces a small flash of light, a ‘scintillation’.
In a television set in actual use the electron beam is redirected, by electric
fields, to the various parts of the screen, with varying intensity, to build up a
complete picture thereon. But we want to consider here the behaviour of
‘free’ electrons, and will suppose that between the second hole H2 and the
screen G there are no electric or magnetic fields, or any other obstacle to
‘free’ motion.

Consider the following question: how accurately can we arrange that
each electron reaching the glass screen does so exactly in the centre? One
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thing to avoid, to this end, is that different electrons jostle one another. This
can be done by ‘pulsing’ (i.e. by applying for only a very short time) the
electric field that attracts electrons from W towards H1, and by making H1
very small. Then it becomes very unlikely that more than one electron will
emerge from the hole H1 on a given occasion. Then one might reasonably
think that to avoid any particle striking the glass screen off centre it is
sufficient to make H2 as well as H1 sufficiently small and central. Up to a
point that is true. But beyond that point there is a surprise. Further
reducing the size of the holes does not reduce further the inaccuracy of the
gun, but increases it. The pattern built up, by pulsing the gun many times
and photographically recording the electron flashes, is something like

Fig. 2. Pattern built up by many pulses of electron gun of Fig. 1.
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Fig. 2. The flashes are scattered over a region which gets bigger, rather than
smaller, when the holes by which we try to determine the electron trajectory
are reduced beyond a certain magnitude.

There is a still greater surprise when the hole H2 is replaced by two holes

Fig. 4. Guess, on basis of classical particle mechanics, for pattern built
up by many pulses of electron gun of Fig. 3.
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close together, Fig. 3. Instead of the contributions of these two holes just
adding together, as in Fig. 4, an ‘interference pattern’ appears, as in Fig. 5.
There are places on the screen that no electron can reach, when two holes
are open, which electrons do reach when either hole alone is open. Although
each electron passes through one hole or the other (or so we tend to think) it
is as if the mere possibility of passing through the other hole influences its
motion and prevents it going in certain directions. Here is the first hint of
some queerness in the relation between possibility and actuality in
quantum phenomena.

Forget for a moment that the patterns in Fig. 2 and Fig. 5 are built up
from separated points (collected separately over a period of time) and look
only at the general impression. Then these patterns become reminiscent of
those which occur in classical physics in connection not with particles but
with waves. Consider for example a regular train of waves on the surface of
water. When they fall on a barrier with a hole, Fig. 6, they proceed more or
less straight on, on the other side, when the hole is large compared with the
wavelength. But when the hole is smaller, they diverge after passing
through, Fig. 7, and to a degree which is greater the smaller the hole. This is

Fig. 6. Propagation of waves through hole much larger than
wavelength.
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Fig. 7. Propagation of waves through hole much smaller than
wavelength.
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Fig. 8. Propagation of waves through two small holes.
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called ‘wave diffraction’. And when the barrier has two small holes, Fig. 8,
there are places behind the barrier where the surface of the water is
undisturbed with both holes open, but disturbed when either separately is
open. These are places where the waves from one hole try to raise the surface
of the water while the waves from the other hole are trying to lower it, and
vice versa. This is called ‘wave interference’.

Returning to the electron then, we cannot tell in advance at just which
point on the screen it will flash. But it seems that the places where it is likely
to turn up are just those which a certain wave motion can appreciably
reach.

It is the mathematics of this wave motion, which somehow controls the
electron, that is developed in a precise way in quantum mechanics. Indeed
the most simple and natural of the various equivalent ways in which
quantum mechanics can be presented is called just ‘wave mechanics’. What
is it that ‘waves’ in wave mechanics? In the case of water waves it is the
surface of the water that waves. With sound waves the pressure of the air
oscillates. Light also was held to be a wave motion in classical physics. We
were already a little vague about what was waving in that case... and even
about whether the question made sense. In the case of the waves of wave
mechanics we have no idea what is waving. .. and do not ask the question.
What we do have is a mathematical recipe for the propagation of the waves,
and the rule that the probability of an electron being seen at a particular
place when looked for there (e.g. by introducing a scintillation screen) is
related to the intensity there of the wave motion.

In my opinion the following point cannot be emphasised too strongly.
When we work out a problem in wave mechanics, for example that of the
precise performance of the electron gun, our mathematics is entirely
concerned with waves. There is no hint in the mathematics of particles or
particle trajectories. With the electron gun the calculated wave extends
smoothly over an extended portion of the screen. There is no hint in the
mathematics that the actual phenomenonis a minuteflash at some particular
point in that extended region. And itis only in applying the rule, relating the
probable location of the flash to the intensity of the wave, that indeter-
minism enters the theory. The mathematics itself is smooth, deterministic,
‘classical’ mathematics. .. of classical waves.

So far it was only the single electron, proceeding from the hole H2 to the
detection screen G, that was replaced by a wave in the mathematics. The
screen G, in particular, was not discussed at all. It was simply assumed to
have the capacity to scintillate. Suppose we wish to explain this capacity.
Suppose we wish to calculate the intensity, the colour, or indeed the size of
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the scintillation (for it is not really a point)? We see that our treatment of
the electron gun so far is neither complete nor accurate. If we wish to say
more, and be more accurate, about its performance, then we have to see it as
made of atoms, of electrons and nuclei. We have to apply to these entities
the only mechanics that we know to be applicable... wave mechanics.
Pursuing this line of thought, we are led, in the quest for more accuracy and
completeness, to include more and more of the world in the wavy quantum
mechanical ‘system’...the photographic plate that records the scintill-
ations, the developing chemicals that produce the photographic image, the
eye of the observer...

But we cannot include the whole world in this wavy part. For the wave of
the world is no more like the world we know than the extended wave of the
single electron is like the tiny flash on the screen. We must always exclude
part of the world from the wavy ‘system’, to be described in a ‘classical’
‘particulate’ way, as involving definite events rather than just wavy
possibilities. The purpose of the wave calculus is just that it yields formulae
for probabilities of events at this ‘classical’ level.

Thus in contemporary quantum theory it seems that the world must
be divided into a wavy ‘quantum system’, and a remainder which is in
some sense ‘classical’. The division is made one way or another, in a
particular application, according to the degree of accuracy and complete-
ness aimed at. For me it is the indispensibility, and above all the shiftiness,
of such a division that is the big surprise of quantum mechanics. It
introduces an essential ambiguity into fundamental physical theory, if only
at a level of accuracy and completeness beyond any required in practice.
It is the toleration of such an ambiguity, not merely provisionally but
permanently, and at the most fundamental level, that is the real break
with the classical ideal. It is this rather than the failure of any particular
concept such as ‘particle’ or ‘determinism’. In the remainder of this essay
I will outline a number of world views which physicists have entertained
in trying to digest this situation.

First, and foremost, is the purely pragmatic view. As we probe the world
in regions remote from ordinary experience, for example the very big or the
very small, we have no right to expect that familiar notions will work. We
have no right to insist on concepts like space, time, causality, or even
perhaps unambiguity. We have no right whatever to a clear picture of what
goes on at the atomic level. We are very lucky that we can form rules of
calculation, those of wave mechanics, which work. It is true that in principle
there is some ambiguity in the application of these rules, in deciding just
how the world is to be divided into ‘quantum system’ and the ‘classical’
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remainder. But this matters not at all in practice. When in doubt, enlarge
the quantum system. Then it is found that the division can be so made that
moving it further makes very little difference to practical predictions.
Indeed good taste and discretion, born of experience, allow us largely to
forget, in most calculations, the instruments of observation. We can usually
concentrate on a quite minute ‘quantum system’, and yet come up with
predictions meaningful to experimenters who must use macroscopic
instruments. This pragmatic philosophy is, I think, consciously or un-
consciously the working philosophy of all who work with quantum theory
in a practical way... when so working. We differ only in the degree of
concern or complacency with which we view. .. out of working hours, so to
speak. .. the intrinsic ambiguity in principle of the theory.

Niels Bohr, among the very greatest of theoretical physicists, made
immense contributions to the development of practical quantum theory.
And when this took definitive form, in the years following 1925, he was
foremost in clarifying the way in which the theory should be applied to
avoid contradictions at the practical level. No one more than he insisted
that part of the world (indeed the vastly bigger part) must be held outside
the ‘quantum system’ and described in classical terms. He emphasized that
at this classical level we are concerned, as regards the present and the past,
with definite events rather than wavy potentialities. And that at this level
ordinary language and logic are appropriate. And that it is to statements in
this ordinary language and logic that quantum mechanics must lead,
however esoteric the recipe for generating these statements.

However Bohr went further than pragmatism, and put forward a
philosophy of what lies behind the recipes. Rather than being disturbed by
the ambiguity in principle, by the shiftiness of the division between
‘quantum system’ and ‘classical apparatus’, he seemed to take satisfaction in
it. He seemed to revel in the contradictions, for example between ‘wave’ and
‘particle’, that seem to appear in any attempt to go beyond the pragmatic
level. Not to resolve these contradictions and ambiguities, but rather to
reconcile us to them, he put forward a philosophy which he called ‘com-
plementarity’. He thought that ‘complementarity’ was important not only
for physics, but for the whole of human knowledge. The justly immense
prestige of Bohr has led to the mention of complementarity in most text
books of quantum theory. But usually only in a few lines. One is tempted to
suspect that the authors do not understand the Bohr philosophy sufficiently
to find it helpful. Einstein himself had great difficulty in reaching a sharp
formulation of Bohr’s meaning. What hope then for the rest of us? There is
very little I can say about ‘complementarity’. But I wish to say one thing. It
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seems to me that Bohr used this word with the reverse of its usual meaning.
Consider for example the elephant. From the front she is head, trunk, and
two legs. From the back she is bottom, tail, and two legs. From the sides she
is otherwise, and from top and bottom different again. These various views
are complementary in the usual sense of the word. They supplement one
another, they are consistent with one another, and they are all entailed by
the unifying concept ‘elephant’. It is my impression that to suppose Bohr
used the word ‘complementary’ in this ordinary way would have been
regarded by him as missing his point and trivializing his thought. He seems
to insist rather that we must use in our analysis elements which contradict
one another, which do not add up to, or derive from, a whole. By
‘complementarity’ he meant, it seems to me, the reverse: contradictariness.
Bohr seemed to like aphorisms such as: ‘the opposite of a deep truthis also a
deep truth’ ‘truth and clarity are complementary’. Perhaps he took a subtle
satisfaction in the use of a familiar word with the reverse of its familiar
meaning.

‘Complementarity’ is one of what might be called the ‘romantic’ world
views inspired by quantum theory. It emphasizes the bizarre nature of the
quantum world, the inadequacy of everyday notions and classical concepts.
It lays stress on how far we have left behind naive 19th century materialism.
I will describe two other romantic pictures, but will preface each by related
unromantic notions.

Suppose that we accept Bohr’s insistence that the very small and the very
big must be described in very different ways, in quantum and classical terms
respectively. But suppose we are sceptical about the possibility of such a
division being sharp, and above all about the possibility of such a division
being shifty. Surely the big and the small should merge smoothly with one
another? And surely in fundamental physical theory this merging should be
described not just by vague words but by precise mathematics? This
mathematics would allow electrons to enjoy the cloudiness of waves, while
allowing tables and chairs, and ourselves, and black marks on photographs,
to be rather definitely in one place rather than another, and to be described
in ‘classical terms’. The necessary technical theoretical development
involves introducing what is called ‘nonlinearity’, and perhaps what 1s
called ‘stochasticity’, into the basic ‘Schrodinger equation’. There have
been interesting pioneer efforts in this direction, but not yet a breakthrough.
This possible way ahead is unromantic in that it requires mathematical
work by theoretical physicists, rather than interpretation by philosophers,
and does not promise lessons in philosophy for philosophers.

There is a romantic alternative to the idea just mentioned. It accepts that
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the ‘linear’ wave mechanics does not apply to the whole world. It accepts
that there is a division, whether sharp or smooth, between ‘linear’ and
‘nonlinear’, between ‘quantum’ and ‘classical’. But instead of putting this
division somewhere between small and big, it puts it between ‘matter’ (so to
speak) and ‘mind’. When we try to complete as far as possible the quantum
theoretic account of the electron gun, we include first the scintillation
screen, and then the photographic film, and then the developing chemicals,
and then the eye of the experimenter...and then (why not) her brain. For
the brain is made of atoms, of electrons and nuclet, and so why should we
hesitate to apply wave mechanics. .. at least if we were smart enough to do
the calculations for such a complicated assembly of atoms? But beyond the
brain is. .. the mind. Surely the mind is not material? Surely here at last we
come to something which 1s distinctly different from the glass screen, and
the gelatine film. .. Surely it is here that we must expect some very different
mathematics, (if mathematics at all), to be relevant? This view, that the
necessary ‘classical terms’, and nonlinear mathematics, are in the mind, has
been entertained especially by E. P. Wigner. And no one more eloquently
than J. A. Wheeler has proposed that the very existence of the ‘material’
world may depend on the participation of mind. Unfortunately it has not
yet been possible to develop these ideas in a precise way.

The last unromantic picture that I will present is the ‘pilot wave’ picture.
It is due to de Broglie (1925) and Bohm (1952). While the founding fathers
agonized over the question

‘particle’ or ‘wave’
de Broglie in 1925 proposed the obvious answer
‘particle’ and ‘wave’.

Is it not clear from the smallness of the scintillation on the screen that we
have to do with a particle? And is it not clear, from the diffraction and inter-
ference patterns, that the motion of the particle is directed by a wave? De
Broglie showed in detail how the motion of a particle, passing through just
-one of two holes in screen, could be influenced by waves propagating
through both holes. And so influenced that the particle does not go where
the waves cancel out, but is attracted to where they cooperate. This idea
seems to me so natural and simple, to resolve the wave—particle dilemma in
such a clear and ordinary way, that it is a great mystery to me that it was so
generally ignored. Of the founding fathers, only Einstein thought that de
Broglie was on the right lines. Discouraged, de Broglie abandoned his
picture for many years. He took it up again only when it was rediscovered,
and more systematically presented, in 1952, by David Bohm. In particular
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Bohm developed the picture for many particles instead of just one. The
generalization is straightforward. There is no need in this picture to divide
the world into ‘quantum’ and ‘classical’ parts. For the necessary ‘classical
terms’ are available already for individual particles (their actual positions)
and so also for macroscopic assemblies of particles.

The de Broglie-Bohm synthesis, of particle and wave, could be regarded
as a precise illustration of Bohr’s complementarity. . . if Bohr had been using
this word in the ordinary way. This picture combines quite naturally both
the waviness of electron diffraction and interference patterns, and the
smallness of individual scintillations, or more generally the definite nature
of large scale happenings. The de B-B picture is also, by the way, quite
deterministic. The initial configuration of the combined wave—particle
system completely fixes the subsequent development. That we cannot
predict just where a particular electron will scintillate on the screen is just
because we cannot know everything. That we cannot arrange for impact at
a chosen place is just because we cannot control everything.

We come finally to the romantic counterpart of the pilot wave picture.
This is the ‘many world interpretation’, or MWI. It is surely the most
bizarre of all the ideas that have come forth in this connection. It is most
easily motivated, it seems to me, as a response to a central problem of the
pragmatic approach...the so-called ‘reduction of the wavefunction’. In
discussing the electron gun, I emphasized the contrast between the
extension of the wave and the minuteness of the individual flash. What
happens to the wave where there is no flash? In the pragmatic approach the
parts of the wave where there is no flash are just discarded...and this is
effected by rule of thumb rather than by precise mathematics. In the pilot
wave picture the wave, while influencing the particle, is not influenced by
the particle. Flash or no flash, the wave just continues its mathematical
evolution...even where it is ‘empty’ (very roughly speaking). In the MWI
also the wave continues its mathematical way, but the notion of ‘empty
wave’ is avoided. It is avoided by the assertion that everywhere that there
might be a flash. .. there is a flash. But how can this be, for with one electron
surely we see only one flash, at only one of the possible places? It can be
because the world multiplies! After the flash there are as many worlds (at
least) as places which can flash. In each world the flash occurs at just one
place, but at different places in different worlds. The set of actual worlds
taken together corresponds to all the possibilities latent in the wave. Quite
generally, whenever there is doubt about what can happen, because of
quantum uncertainty, the world multiplies so that all possibilities are
actually realized. Persons of course multiply with the world, and those in



Six possible worlds of quantum mechanics 193

any particular branch world experience only what happens in that branch.
With one electron, each of us sees only one flash.

The MWI was invented by H. Everett in 1957. It has been advocated by
such distinguished physicists as J. A. Wheeler, B. de Witt, and S. Hawking.
It seems to attract especially quantum cosmologists, who wish to consider
the world as a whole, and as a single quantum system, and so are
particularly embarrassed by the requirement, in the pragmatic approach,
for a ‘classical’ part outside the quantum system...ie. outside the world.
But this problem is already solved by the “pilot wave’ picture. It needs no
extra classical part, for ‘classical terms’ are already applicable to the
electron itself, and so to large assemblies of particles. The authors in
question probably did not know this. For the pilot wave interpretation was
rather deeply consigned to oblivion by the founding fathers, and by the
writers of text-books.

The MWI is sometimes put forward as a working out of the hypothesis: the
wavefunction is everything, there is nothing else. (Then the parts of the
wavefunction cannot be distinguished from one another on the grounds of
corresponding to possibility rather than actuality.) But here the authors, in
my opinion, are mistaken. The MWI does add something to the wavefunc-
tion. I stressed indiscussing the electron gun that the extended wave has little
resemblance to the minute flash. Inspection of the wave itself gives no hint
that the experienced reality is a scintillation. .. rather than, for example, an
extended glow of unpredicted colour. Thatis to say, the extended wave does
not simply fail to specify one of the possibilities as actual. .. it fails to list the
possibilites. When the MWI postulates the existence of many worlds in each
of which the photographic plate is blackened at particular position, it adds,
surreptitiously, to the wavefunction, the missing classification of possi-
bilities. And 1t does so in an imprecise way, for the notion of the position of a
black spot (it is not a mathematical point), and indeed the concept of the
reading of any macroscope instrument, is not mathematically sharp. One is
given no idea of how far down towards the atomic scale the splitting of the
world into branch worlds penetrates.

There then are six possible worlds to choose from, designed to accommo-
date the quantum phenomena. It would be possible to devize hybrids
between them and maybe other worlds that are entirely different. I have
tried to present them with some detachment, as if I did not regard one more
than another to be pure fiction. I will now permit myself to express some
personal opinions.

It is easy to understand the attraction of the three romantic worlds for
journalists, trying to hold the attention of the man in the street. The
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opposite of a truth is also a truth! Scientists say that matter is not possible
without mind! All possible worlds are actual worlds! Wow! And the
journalists can write these things with good consciences, for things like this
have indeed been said... out of working hours. .. by great physicists. For my
part, I never got the hang of complementarity, and remain unhappy about
contradictions. As regards mind, I am fully convinced that it has a central
place in the ultimate nature of reality. But I am very doubtful that
contemporary physics has reached so deeply down that that idea will soon
be professionally fruitful. For our generation I think we can more profitably
seek Bohr’s necessary ‘classical terms’ in ordinary macroscopic objects,
rather than in the mind of the observer. The ‘many world interpretation’
seems to me an extravagant, and above all an extravagantly vague,
hypothesis. I could almost dismiss it as silly. And yet...It may have
something distinctive to say in connection with the ‘Einstein Podolsky
Rosen puzzle’, and it would be worthwhile, I think, to formulate some
precise version of it to see if this is really so. And the existence of all possible
worlds may make us more comfortable about the existence of our own
world. .. which seems to be in some ways a highly improbable one.

The unromantic, ‘professional’, alternatives make much less good copy.
The pragmatic attitude, because of its great success and immense continu-
ing fruitfulness, must be held in high respect. Moreover it seems to me that
in the course of time one may find that because of technical pragmatic
progress the ‘Problem of Interpretation of Quantum Mechanics’ has been
encircled. And the solution, invisible from the front, may be seen from the
back. For the present, the problem is there, and some of us will not be able
to resist paying attention to it. The nonlinear Schrodinger equation seems
to me to be the best hope for a precisely formulated theory which is very
close to the pragmatic version. But while we get along so well without
precision, the pragmatists are not going to help to develop it. The ‘pilot
wave’ picture is an almost trivial reconciliation of quantum phenomena
with the classical ideals of theoretical physics...a closed set of equations,
whose solutions are to be taken seriously, and not mutilated (‘reduced’)
when embarrassing. However it would be wrong to leave the reader with
the impression that, with the pilot wave picture, quantum theory simply
emerges into the light of day, with the transparency of pure water. The
very clarity of this picture puts in evidence the extraordinary ‘non-locality’
of quantum theory. But that is another story.

To what extent are these possible worlds fictions? They are like literary
fiction in that they are free inventions of the human mind. In theoretical
physics sometimes the inventor knows from the beginning that the work is
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fiction, for example when it deals with a simplified world in which space has
only one or two dimensions instead of three. More often it is not known till
later, when the hypothesis has proved wrong, that fiction is involved. When
being serious, when not exploring deliberately simplified models, the
theoretical physicist differs from the novelist in thinking that maybe the
story might be true. Perhaps there is some analogy with the historical
novelist. If the action is put in the year 1327, the Pope must be located in
Avignon, not Rome. The serious theories of theoretical physicists must not
contradict experimental facts. If thoughts are put into the mind of Pope
John XXII, then they must be reasonably consistent with what is known of
his words and actions. When we invent worlds in physics we would have
them to be mathematically consistent continuations of the visible world
into the invisible...even when it is beyond human capability to decide
which, if any, of those worlds is the true one. Literary fiction, historical or
otherwise, can be professionally good or bad (I think). We could also
consider how our possible worlds in physics measure up to professional
standards. In my opinion the pilot wave picture undoubtedly shows the
best craftsmanship among the pictures we have considered. But is that a
virtue in our time?
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EPR correlations and EPW distributions

Dedicated to Professor E. P. Wigner

It is known that with Bohm’s example of EPR correlations, involving
particles with spin, there is an irreducible non-locality. The non-locality
cannot be removed by the introduction of hypothetical variables unknown
to ordinary quantum mechanics. How is it with the original EPR example
involving two particles of zero spin? Here we will see that the Wigner phase
space distribution’ illuminates the problem. |

Of course, if one admits ‘measurement’ of arbitrary ‘observables’ on
arbitrary states, it is easy to mimic? the EPRB situation. Some steps have
been made towards realism in that connection®. Here we will consider a
narrower problem, restricted to ‘measurement’ of positions only, on two
non-interacting spinless particles in free space. EPR considered ‘measure-
ment’ of momenta as well as positions. But the simplest way to ‘measure’ the
momenta of free particles is just to wait a long time and ‘measure’ their
positions. Here we will allow position measurements at arbitrary times ¢,

and t, on the two particles respectively. This corresponds to ‘measuring’ the
combinations

4, +t,p,/my, 4, +t,p,/m, (1)

at time zero, where m, and m, are the masses, and the § and p are position
and momentum operators. We will be content here with just one space
dimenston.

The times ¢, and t, play the same roles here as do the two polarizer
settings in the EPRB example. One can envisage then some analogue of the
CHHS inequality*> discriminating between quantum mechanics on the
one hand and local causality on the other.

The QM probability of finding, at times ¢, and t, respectively, the
particles at positions ¢, and q, respectively, is

p(d1,4q2,t:,1t3)
with
p=|lfl(q1,q2,t1,t2)|2 (2)
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The two-time wave function  satisfies the two Schrodinger equations

1hoy/ot, = H,y = (ﬁf/zmﬂl/’}

: 3
1hoy /oty = H, = (p2/2m,)¥ ©)

with

ip, = h0/0q,, ip,=ho/0q,

For simplicity we will consider the case of equal masses, and take units such
that

m1=m2=h=1

The same p, (2), can be obtained from the corresponding two-time Wigner
distribution:

dp, dp
p=j 2—1:2—7:W(q1,q2,p1,p2,t1,t2) (4)
where
W= |1dv,dv, e iPy1+p2y2) Y1 Y2 )
- y1dy, e 1 q1+2,q2+7,t1,t2
?
Y1 Y2 (5
'l//*( — =, g, — ==, t,t )
ql 2 qz 2 1 2 J
From (3),
(0/0t, + p,0/0q,)W = (8/dt, + p,0/0q,)W =0 (6)

That is, W evolves exactly as does a probability distribution for a pair of
freely-moving classical particles:

W(d1, 92, P1s P2 t1s t2) = W(gy — P1t1s 42 — P2tz P1, P2s t1s E2) (7)

When W happens to be initially nowhere negative, the classical evolution
(7) preserves the non-negativity. The original EPR wave function®

6((@1 +3490) — (42 — 240)), (®)
assumed to hold at t, =t, =0, gives
W(4q1,92, P1,P20,0) = 8(q; — 42 + qo)2nd(p; + p3) 9)

This is nowhere negative, and the evolved function (7) has the same
property. Thusin this case the EPR correlations are precisely those between
two classical particles in independent free classical motion.
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With the wave function (8), then, there is no non-locality problem when
the incompleteness of the wave function description is admitted. The
Wigner distribution provides a local classical model of the correlations.
Since the Wigner distribution appeared in 1932, this remark could already
have been made in 1935. Perhaps it was. And perhaps it was already
anticipated that wave functions, other than (8), with Wigner distributions
that are not non-negative, would provide a more formidable problem. We
will see that this is so.

Consider, for example, the initial wave function

(¢* — 2a%)e 412 (10)
where
q=1{41+90/2) — (42— 90/2) (11
It could be made normalizable by including a factor
exp — ({41 + 90/2) + (42 — 40/2))*/(2b%) (12)

But we will immediately anticipate the limit b — oo, and will consider only
relative probabilities. Choosing the unit of length so that a = 1 gives as the
initial Wigner distribution

W(d1,492, P1, P2, 0,0) = Ke e ?*{(g? + p®)? — 5¢° + p* + 11/4}6(p, + p,)

(13)
where K is an unimportant constant, and

p=(p1—Pps)2 (14)

This W, (13), is in some regions negative, for example at (p =0,g = 1). It no
longer provides an explicitly local classical model of the correlations. I do
not know that the failure of W to be non-negative is a sufficient condition in
general for a locality paradox. But it happens that (13) implies, as well as
negative regions in the Wigner distribution, a violation of the CHHS
locality inequality.

To see this, first calculate the two-time position probability distribution,
either from (4), (7) and (13), or from (2) and the solution of (3). The result is

p=K'(1+1)7{g* + 2> — 4 + 31 + ) + (1 + 12)?}e~ 1 *7
(15)

where K’ is an unimportant constant, and
T=t, +1t, (16)

Calculate then the probability D that (q, + q0/2) and (g, — q./2) disagree in
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sign:
D(thtz):J‘_ dqlqlp (17)

=K"(t1?+%)/ /1 +1 (18)

Consider finally the CHHS inequality
E(ty,t;) + E(ty,t2) + E(t,t,) — E(13,13) < 2 (19)

where

E(t,,t,) = probability of (+, +) + probability of (—, —) } 20)

—probability of (+, —) — probability of (—, +)
=1 —2 (probability (+, —) + probability (—, +)) (21)
Using (21), (19) becomes

D(t;,t;) + D(ty, 1) + D(t}, 15) — D(t},83) = 0 (22)
With
ty=0, t,=1, t;,=-21, th=31 (23)
and assuming (in view of (18))
D(ty,t;)=F(|t, +t;]) (24)
(22) gives (for 1 positive)
3F(1)— F(31)=0 (25)

But this is violated by (18) when t exceeds about 1. There is a real non-
locality problem with the wave function (10).

Only some epsilonics will be added here. The essential assumption
leading to (19) is (roughly speaking) that measurement on particle 1 is
irrelevant for particle 2, and vice versa. This follows from local causality” if
we look for the particles only in limited space-time regions

lq, +q0/2I <L, |t,|<T 26)
1g; —qo/2t <L, |t,|<T
with

L«gqy, c¢T<«gqq (27)

so that the two regions (26) have spacelike separation. We must, however,
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make L large enough, compared with b in (12), so that the particles are
almost sure to be found in the regions in question, for in passing from (20) to
(21) it was assumed that the four probabilities in (20) add to unity; and b in
turn must be large compared with a, as was used to simplify the detailed
calculations. So as well as (27), we specify.

1> a/b>(b/L)e” 1" (28)
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Are there quantum jumps?

If we have to go on with these damned quantum jumps, then I'm sorry that I
ever got involved. E. Schridinger

1 Introduction

I have borrowed the title of a characteristic paper by Schrodinger
(Schrodinger, 1952). In it he contrasts the smooth evolution of the
Schrodinger wavefunction with the erratic behaviour of the picture by
which the wavefunction is usually supplemented, or ‘interpreted’, in the
minds of most physicists. He objects in particular to the notion of
‘stationary states’, and above all to ‘quantum jumping’ between those
states. He regards these concepts as hangovers from the old Bohr quantum
theory, of 1913, and entirely unmotivated by anything in the mathematics
of the new theory of 1926. He would like to regard the wavefunction itself as
the complete picture, and completely determined by the Schrodinger
equation, and so evolving smoothly without ‘quantum jumps’. Nor would
he have ‘particles’ in the picture. At an early stage, he had tried to replace
‘particles’ by wavepackets (Schrodinger, 1926). But wavepackets diffuse.
And the paper of 1952 ends, rather lamely, with the admission that
Schrodinger does not see how, for the present, to account for particle tracks
in track chambers... nor, more generally, for the definiteness, the parti-
cularity, of the world of experience, as compared with the indefiniteness, the
waviness, of the wavefunction. It is the problem that he had had
(Schrodinger, 19354) with his cat. He thought that she could not be both
dead and alive. But the wavefunction showed no such commitment,
superposing the possibilities. Either the wavefunction, as given by the
Schrodinger equation, is not everything, or it is not right.

Of these two possibilities, that the wavefunction is not everything, or not
right, the first is developed especially in the de Broglie-Bohm ‘pilot wave’
picture. Absurdly, such theories are known as ‘hidden variable’ theories.
Absurdly, for there it is not in the wavefunction that one finds an image of
the visible world, and the results of experiments, but in the complementary
‘hidden’(!) variables. Of course the extra variables are not confined to the
visible ‘macroscopic’ scale. For no sharp definition of such a scale could be
made. The ‘microscopic’ aspect of the complementary variables is indeed
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hidden from us. But to admit things not visible to the gross creatures that
we are is, in my opinion, to show a decent humility, and not just a
lamentable addiction to metaphysics. In any case, the most hidden of all
variables, in the pilot wave picture, is the wavefunction, which manifests
itself to us only by its influence on the complementary variables.

If, with Schrodinger, we reject extra variables, then we must allow that his
equation is not always right. I do not know that he contemplated this
conclusion, but it seems to me inescapable. Anyway it is the line that I will
follow here. The idea of a small change in the mathematics of the
wavefunction, one that would little affect small systems, but would become
important in large systems, like cats and other scientific instruments, has
often been entertained. It seems to me that a recent idea (Ghirardi, Rimini
and Weber, 1985), a specific form of spontaneous wavefunction collapse, is
particularly simple and effective. I will present it below. Then I will consider
what light it throws on another of Schrodinger’s preoccupations. He was
one of those who reacted most vigorously (Schrodinger, 19354, b, 1936) to
the famous paper of Einstein, Podolsky and Rosen (1935). As regards what
he called ‘quantum entanglement’, and the resulting EPR correlations, he
‘would not call that one but rather the characteristic trait of quantum
mechanics, the one that enforces its entire departure from classical lines of
thought’.

2 Ghirardi, Rimini and Weber

The proposal of Ghirardi, Rimini and Weber, is formulated for non-
relativistic Schrodinger quantum mechanics. The idea is that while a
wavefunction

ll/(t, rlarZS‘ . ',rN) (1)

normally evolves according to the Schrodinger equation, from time to time
it makes a jump. Yes, a jump! But we will see that these GRW jumps have
little to do with those to which Schrodinger objected so strongly. The only
resemblance is that they are random and spontaneous. The probability per
unit time for a GRW jump is :

N @
T

where N is the number of arguments r in the wavefunction, and 1 is a new
constant of nature. The jump is to a ‘reduced’ or ‘collapsed’ wavefunction

= A, )
S

v’ (3)
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where r, is randomly chosen from the arguments r. The jump factor j is
normalized:

f Exljo0? = 1. @)

Ghirardi, Rimini and Weber suggest a Gaussian:
Jj(x) = K exp(— x*/2a?) ()

where a is again a new constant of nature. R is a renormalization factor:

|R,(x)|* = Jd3r1 Pyl - (6)

Finally the collapse centre x is randomly chosen with probability
distribution

d3x| R, (x)]%. (7)

For the new constants of nature, GRW suggest as orders of magnitude
1~ 10155~ 108 year (8)

ax 1073 cm. 9)

Animmediate objection to the GRW spontaneous wavefunction collapse
is that it does not respect the symmetry or antisymmetry required for
‘identical particles’. But this will be taken care of when the idea is developed
in the field theory context, with the GRW reduction applied to ‘field
variables’ rather than ‘particle positions’. I do not see why that should not
be possible, although novel renormalization problems may arise.

There is no problem in dealing with ‘spin’. The wavefunctions y and ' in
(3) can be supposed to carry suppressed spin indices.

Consider now the wavefunction

O(sy---sphxlry -+ Tpp), (10)

where L is not very big and M is very very big. The first factor, ¢, might
represent a small system, for example an atom or molecule, that is
temporarily isolated from the rest of the world ... the latter, or part of it,
represented by the second factor, y. The GRW process for the complete
wavefunction implies independent GRW processes for the two factors.
From (8) we can forget about GRW processes in the small system. But in the
big system, with M of order say 10?° or larger, the mean lifetime before a
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GRW jump is some

1015 _
1020=10 Ss (11)
or less.
Consider next a wavefunction like
DSy STy Tp) + DSy STy - Ty). (12)

This might represent the aftermath of a ‘quantum measurement’ situation.
Some ‘property’ of the small system has been ‘measured’ by interaction with
a large ‘instrument’, which is thrown as a result into one or other of the
states y, or x,, corresponding to different pointer readings. This macro-
scopic difference between y, and y, implies that, for very many argumentsr,
multiplication of the wavefunction by j(x — r) will reduce to zero one or
other of the terms in (12). Thus in a time of order (11) one of the terms will
disappear, and only the other will propagate. The wavefunction commits
itself very quickly to one pointer reading or the other. Moreover, the
probability that one term rather than the other survives is proportional to
the fraction of the total norm which it carries — in agreement with the rule of
pragmatic quantum theory.

Quite generally any embarrassing macroscopic ambiguity in the usual
theory is only momentary in the GRW theory. The cat is not both dead and
alive for more than a split second. One could worry perhaps if the GRW
process does not go too far. In the usual pragmatic theory the ‘reduction’ or
‘collapse’ of the wavefunction is an operation performed by the theorist at
some time convenient for her. Usually she will delay this till the Schrodinger
equation has established a very big difference between x, and y,. The GRW
process is one of nature, and comes about as soon as the difference between
x, and yx, is big enough. I think that with suitable values of the natural
constants (8, 9) the GRW theory will nevertheless agree with the pragmatic

theory in practice. But studies on models would be useful to build up
confidence in this.

3 Quantum entanglement

There is nothing in this theory but the wavefunction. It is in the
wavefunction that we must find an image of the physical world, and in
particular of the arrangement of things in ordinary three-dimensional
space. But the wavefunction as a whole lives in a much bigger space, of 3N-
dimensions. It makes no sense to ask for the amplitude or phase or whatever
of the wavefunction at a point in ordinary space. It has neither amplitude
nor phase nor anything else until a multitude of points in ordinary three-
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space are specified. However, the GRW jumps (which are part of the
wavefunction, not something else) are well localized in ordinary space.
Indeed each 1s centred on a particular specetime point (x,t). So we can
propose these events as the basis of the ‘local beables’ of the theory. These
are the mathematical counterparts in the theory to real events at definite
places and times in the real world (as distinct from the many purely
mathematical constructions that occur in the working out of physical
theories, as distinct from things which may be real but not localized, and as
distinct from the ‘observables’ of other formulations of quantum mech-
anics, for which we have no use here). A piece of matter then is a galaxy of
such events. As a schematic psychophysical parallelism we can suppose that
our personal experience is more or less directly of events in particular pieces
of matter, our brains, which events are in turn correlated with events in our
bodies as a whole, and they in turn with events in the outer world.

In this paper we will use the notion of localization of events only in a
rough way. We will localize them in one or other of two widely separated
regions of space which we suppose to be occupied by two widely separated
systems.

Let the arguments s and r in (12) refer to the two sides, respectively, in an
Einstein—Podolsky—-Rosen—Bohm setup, with L as well as M now large. A
source, which for simplicity we omit from the analysis, emits a pair of spin
— 4 neutrons in the singlet spin state. They move through Stern—Gerlach
magnets to counters which register for each neutron whether it has been
deflected ‘up’ or ‘down’ in the corresponding magnet. According to the
Schriédinger equation the wavefunction would come out like (12), with ¢,
or ¢, corresponding to ‘up’ or ‘down’ on the left, and y, or x, corresponding
to ‘down’ or ‘up’ on the right. Suppose that the left hand counters are closer
to the source, and so register before the right hand ones. That is to say,
suppose that ¢, differs macroscopically from ¢, before y, from y,. Then the
GRW jumps on the left quickly reduce the wavefunction to one or other of
the two terms in (12). The choice between x, and x,, as well as between ¢,
and ¢,, has then been made. The jumps on the left are decisive, and those on
the right have no opportunity to be so.

In all this the GRW account is very close to that of a common way of
presenting conventional quantum mechanics, with ‘measurement’ causing
‘wavefunction collapse’ —and with a ‘measurement’ somewhere causing
‘collapse’ everywhere. Butitisimportant thatinthe GRW theory everything,
including ‘measurement’, goes according to the mathematical equations of
the theory. Those equations are not disregarded from time to time on the
basic of supplementary, imprecise, verbal, prescriptions.
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In this EPRB situation, an ‘up’ on the left implies a subsequent ‘down’ on
the right, and vice versa. Now of course it was not the existence of
correlations between distant events that scandalized EPR, and led Einstein
(Einstein, 1949) to use the word ‘paradox’ in this connection. Such
correlations are common in daily life. If I find that I have brought only one
glove, the left handed, then I confidently predict that the one at home will be
found to be right handed. In the everyday conception of things there is no
puzzle here. Both gloves have been there all morning, and each has been
right or left handed all the time. Observation of the one taken from my
pocket gives information about, but does not influence, the one left at home.
As regards EPRB correlations, what is disturbing about quantum mech-
anics, especially as sharpened by GRW, is that before the first ‘measure-
ment’ there is nothing but the quantum mechanical wavefunction - entirely
neutral between the two possibilities. The decision between these possi-
bilities is made for both of the mutually distant systems only by the first
‘measurement’ on one of them. There is no question, if there was nothing but
the wavefunction, of just revealing a decision already taken. It was this
‘spooky action at a distance’, the immediate determining of events in a
distant system by events in a near system, that scandalized EPR. They
concluded that quantum mechanics must, at best, be incomplete. There
must be in nature additional varables, not yet known to quantum
mechanics, in both systems, which determine in advance the results of
experiments, and which happen to have become correlated at the source —
just as gloves happen to be sold in matching pairs.

It is now very difficult to maintain this hope, that local causality might
be restored to quantum mechanics by the addition of complementary
variables. The perfect correlations actually considered by EPR, with
parallel polarizers in the EPRB setup, do not present any difficulty in this
respect. But the imperfect correlations implied by quantum mechanics, for
misaligned polarizers, prove more intractable (e.g. Bell, 1981).

The GRW theory does not add variables. But by adding mathematical
precision to the jumps in the wavefuction, it seems simply to make precise
the action at a distance of ordinary quantum mechanics. The most
disturbing aspect of this is the apparent difficulty of reconciling it with
Lorentz invariance. Forin a Lorentz invariant theory we tend to think that
‘nothing goes faster than light’. So we turn now to a discussion of Lorentz
invariance.

4 Relative time translation invariance

Of course we cannot discuss full Lorentz invariance in the context of the
nonrelativistic model presented above. But there is a residue, or at least an
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analogue, of Lorentz invariance, which can be discussed in the case of two
widely separated systems. Consider the Lorentz transformation

Z=yz—vp), t=y(—7uv2) (13)

with x and y unchanged, where the velocity of light has been set equal to

unity, and
1

o (14)

‘}7 =
In the case of a system at a large distance, a, from the origin, it is convenient
to introduce a new origin, so that

z—=z+a. (15)

Then (13) becomes
Z=—a+y(z+a—vt), t'=yt—v(z+a)). (16)
Taking v very small and a very large so that

va=k (17)
(16) becomes
=z, t'=t—k (18)

In the case of a single system this tells us simply to expect invariance with
respect to translation in time. But in the case of two systems displaced from
the origin in opposite directions, and so with different signs for k, it tells us
to expect invariance with respect to displacement in relative time.
Multiple time formalism, with independent times for different particles,
or for different points in space, is an old story in relativistic quantum theory.
It is less familiar in the context of the nonrelativistic theory. However, it is
easily implemented in the case of noninteracting systems at the level of the
Schrodinger equation. Let two noninteracting subsystems have separate
Hamiltonians A4 and B, respectively, so that the total Hamiltonian is

H=A+B. (19)

Then from the ordinary one-time wavefunction (t,...) we can define a two-
time wavefunction

.y expi(t —t')A expi(t —t")B
Wt )= p% ) ph )

it ... (20)

Since A and B commute, the relative order of the two exponentials in (20) is
unimportant. (However, if 4 and B are time-dependent, the two exponent-
ials must separately be time ordered, as in (A.5)). The two-time wavefunc-
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tion satisfies the two Schrédinger equations

hid
oy V)= Ap( 1, ) 1)
hio
ot" W t"...)=By(,t",...). (22)

These equations are invariant against independent shifts in the origins of
the two time variables (provided any time dependent external fields in A
and B are shifted appropriately).

It remains to see if this relative time invariance survives the introduction
of the GRW jumps. It does. I did not find a short elegant argument, and
have relegated the clumsy arguments that I did find to an appendix. From
the ordinary one-time wavefunction for time i, a two-time wavefunction can
again be constructed. It incorporates the jumps of subsystem-1 between
times i and i, and those of subsystem-2 between i and i”. In terms of this a
formula can be found (A4.22, A.23) for the probability of subsequent jumps
before times f' and f” in the two subsystems respectively. It can be
interpreted as supplementing (21, 22) by giving the probabilities for jumps
in the two systems as t’ and t” are advanced independently from
independent starting points. It does not depend on ¢’ or t” except through
the two-time wavefunction ¢ (and any time dependent external fields in
Hamiltonians A and B). The relative time translation invariance of the
theory is then manifest.

The reformulation (A.22, A.23) of the theory can also be used to calculate
the statistics of jumps in one system separately, disregarding what happens
in the other. The result (A.24,A.25) makes no reference to the second
system. Events in one system, considered separately, allow no inference
about events in the other, nor about external fields at work in the other,...
nor even about the very existence of the other system. There are no
‘messages’ in one system from the other. The inexplicable correlations of
quantum mechanics do not give rise to signalling between noninteracting
systems. Of course, however, there may be correlations (e.g. those of EPRB)
and if something about the second system is given (e.g. that it is the other
side of an EPR B setup) and something about the overall state (e.g. that it is
the EPRB singlet state) then inferences from events in one system (e.g. ‘yes’
from the ‘up’ counter) to events in the other (e.g. ‘yes’ from the ‘down’
counter) are possible.

8§ Conclusion

I think that Schrédinger could hardly have found very compelling the
GRW theory as expounded here — with the arbitrariness of the jump
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function, and the elusiveness of the new physical constants. But he might
have seen in it a hint of something good to come. He would have liked, 1
think, that the theory is completely determined by the equations, which do
not have to be talked away from time to time. He would have liked the
complete absence of particles from the theory, and yet the emergence of
‘particle tracks’, and more generally of the ‘particularity’ of the world, on
the macroscopic level. He might not have liked the GRW jumps, but he
would have disliked them less than the old quantum jumps of his time. And
he would not have been at all disturbed by their indeterminism. For as early
as 1922, following his teacher Exner, he was expecting the fundamental
laws to be statistical in character: ‘... once we have discarded our rooted
predilection for absolute Causality, we shall succeed in overcoming the
difficulties. ..’ (Schrodinger, 1957).

For myself, I see the GRW model as a very nice illustration of how
quantum mechanics, to become rational, requires only a change which is
very small (on some measures!). And I am particularly struck by the fact
that the model is as Lorentz invariant as it could be in the nonrelativistic
version. It takes away the ground of my fear that any exact formulation of
quantum mechanics must conflict with fundamental Lorentz invanance.

Appendix
Let

P(f; Xs My by - .- X, 1y, g3 0)d3x, ... d3x, de, ... dt, (A.1)

be the probability that between some time i and some later time f there are
m jumps, with the first at time ¢, in the interval dt,, involving argumentr, ,
and centred at x, in dx,; and with the second at time t,, involving
argumentr, , centred atX,,...and so on. Then, from the basic assumptions,

P=expAN(i— f)KIE™(f,DE(f, i), (A.2)
where N is the total ‘particle number’, |i> denotes the initial state

[i> =y, r,r5..0) (A3)

and
E(f,)=U(f,tn)ji(p, Xpm). .. Ult2, t,)jlny, %, )U(24,1) (A4)

with
U(s,t)= Texp j dt'gi;ﬂ (A.5)

and

jnx)=2""j(x —r,). (A.6)
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In (A.5) we allow that the Hamiltonian might be time dependent, and so
have a time-ordered product. Note the unitarity relation

U*tU=1. (A7)

The leftmost U in (A.4) is actually redundant in (A.2), because of (A.7), but it
1s convenient later. The exponential in front of (A.2) arises from a product of
exponentials

exp — AN(t' — ),

which are the probabilities of having no jumps in the corresponding time
intervals. The formulae could be simplified somewhat by introducing
Heisenberg operators, but we will not do so here.

Let us calculate from (A.1)-(A.4), for given i, the conditional probability
distribution for jumps in the interval i’ till f when the jumps between i and i’
are given. We have only to divide (A.1) by the probability for the given
jumps:

exp AN(i — )| R|?d3x,...dt,... (A.8)
with, from (A.2),
IR = G E* (i, ) E(, |- (A.9)
The result may be expressed in terms of
i) = LULIL, ,I;)IO (A.10)

when we note the factorization property

+ E(f,)=E(f,NE(,). (A-11)

If we renumber the jumps in the reduced interval after i’ to begin again with
1, we find again just (A.1)—(A.4) with i replaced everywhere by i'. So this was
only a rather elaborate consistency check. But the manipulations involved
will be useful for another purpose in a moment.

Let us now calculate from (A.1)—(A.4), with fixed f, the probability P’ for
jumps specified only up to some earlier time f”, regardless of what happens
later. To do so we have to sum over all possibilities in the interval between
f"and f. There might be 0, 1, 2,... extra jumps in that remaining interval.
The probability of the given jumps in the reduced interval, and no jumps in
the remainder, is given directly by (A.2), which we rewrite as

Xoexp AN(i — f)GIET(f", DE(f",)li) (A.12)
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with X, =expAN(f' - f). (A.13)

With one extra jump, E*E in the expectation value is replaced by
E*U*|j(n,x)*UE, (A.14)

where the extra factor U evolves the system from time f” till the time ¢ of the
extra jump (n, x). Integration over x, using (4), replaces |j(n, x)|* by A. The
extra U™ U then goes away by unitarity. Summation over n gives a factor N,
and integration over time ¢ gives a factor (f — f’). Then the total one extra
jump contribution to P’ is (A.12) with X, replaced by

Xy =AN(f = f)expAN(f" — f). (A.15)

Proceeding in this way we find for the n-extra-jump contribution to P’ again
(A.11) but with X, replaced by

X, ONG = )"
n!

exp AN(f” — f). (A.16)

The factor n! arises from the restriction of the multiple time integral to
chronological order. To obtain the total P’ we have to sum these n-extra-
jump contributions over all n. This is easy, for

S X,=1. (A17)

The result for P’ is just (A.1)-(A.4) with f replaced by f’. This is only as
expected, but similar manipulations will be useful below.

Suppose now that the system falls into two noninteracting subsystems,
with commuting Hamiltonians A and B, respectively:

H=A+B. (A.18)
Then the operators U factorize:
ut,y)y=v{,)W(t,t) (A.19)

with ¥ and W constructed like U in (A.5), but with A and B replacing H.
Since ¥V and W commute, we can collect together the factors referring to
each subsystem in (A.2), with the result

P =exp AL(i—f) exp AM(i — f)<i|F*FG*G|i}, (A.20)

where F and G are constructed like E in (A.4) but with operators of the first
and second subsystems, respectively. The integers Land M are the ‘particle
numbers’ of the subsystems:

L+M=N. (A.21)
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At this stage the initial and final times i and f are common to the two
subsystems. But by the manipulations described above we can pass from i
and f to later initial times, and earlier final times. Moreover, because the
jump and evolution operators commute with one another, and have been
collected together into separate commuting factors F and G, this can be
done independently for the two subsystems. So we can take independent
initial times i’ and i”, and independent final times f’ and f”, for the two
subsystems, respectively.

The resulting probability distribution, over jumps in the reduced time
intervals, is

P(f', f"; Xy s bs - - - X 1o My L3 F, 03X L. d3x,,dE . de,,. (A22)

where
P=expAL(i — f')exp AM(i" — f")¥,i"|F*FG*G|i,i"). (A.23)

The jumps and evolutions before i and i", in the two subsystems,
respectively, have been incorporated into the initial state |#’,i” ). The jumps
and evolutions in the reduced intervals, i’ till f* and i till f”, make F and G,
as in (A.4).

Note finally that if we are interested only in what happens in subsystem 1,
we can sum over all possibilities for the second system in a now familiar
way. The result is just (A.22), with reference to jumps in system 1 only, and
(A.23) without any operator G. It is equivalent to

P =trace, F* Fp, (A.24)
where the trace is over the state space of system 1, and

p = trace, |7, i" Y {i,i"| (A.25)

with the trace over the state space of system 2.
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