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The discovery of quasicrystals with crystallographically forbidden rotational symmetries has changed
the notion of the ordering in materials, yet little is known about the dynamical emergence of such exotic
forms of order. Here we theoretically study a nonequilibrium cavity-QED setup realizing a zero-
temperature quantum phase transition from a homogeneous Bose-Einstein condensate to a quasicrystalline
phase via collective superradiant light scattering. Across the superradiant phase transition, collective light
scattering creates a dynamical, quasicrystalline optical potential for the atoms. Remarkably, the
quasicrystalline potential is “emergent” as its eightfold rotational symmetry is not present in the
Hamiltonian of the system, rather appears solely in the low-energy states. For sufficiently strong two-
body contact interactions between atoms, a quasicrystalline order is stabilized in the system, while for
weakly interacting atoms the condensate is localized in one or few of the deepest minima of the
quasicrystalline potential.
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Introduction.—Quasicrystals are quasiordered (or orien-
tationally ordered) materials with no exact translational
symmetry, rather with crystallographically forbidden rota-
tional symmetries [1]. They possess rotational symmetries,
such as five-, seven-, eightfold rotational symmetries,
as discovered from their diffraction patterns first by
Shechtman et al. in 1984 [2]. Therefore, they are not
periodic and do not belong to any of the crystallographic
space groups. Interestingly, quasicrystals, related to aperi-
odic tilings, can be considered as projections of higher
dimensional periodic lattices [3–5]. Despite extensive
theoretical and experimental research since their discovery
[6], there are still many fundamental open questions
concerning the formation and nature of quasicrystals.
For instance, it is still not completely clear whether
quasicrystals are only entropy-stabilized high-temperature
states or can also be thermodynamically stable at low
temperatures [7]. In particular, the conditions and nature of
quasicrystal growth are under debate with a lack of a
generally accepted model.
Ultracold atoms trapped in laser-created tailored optical

potentials have proven to be a versatile platform for
simulating and exploring exotic solid-state models in a
controllable manner [8]. In this context, the recent loading
of a Bose-Einstein condensate (BEC) into a specially
designed quasicrystal optical potential led to the observa-
tion of a diffraction pattern with a forbidden eightfold
rotational symmetry and has opened a new perspective on
studying quasicrystals [9]. This now allows for a detailed
experimental investigation of the nature of quasicrystals
and other theoretically predicted phenomena such as the
interplay between quasiordering and localization [10–16].

Unlike natural quasicrystals, however, the quasicrystalliza-
tion in these systems is not dynamically emergent and
spontaneous [17,18], rather induced by the underlying
optical potentials imposed on the atoms by prescribed
external lasers. Recently, a few schemes based on spin-
orbit-coupled BECs were proposed to realize quantum
phase transitions to quasicrystals [19,20], where quasicrys-
talline rotational symmetries appear in these systems due to
the interplay between the spin-orbit coupling and two-body
interactions—i.e., two competing length scales. This
competition [21–28] has been identified to be also the
relevant mechanism for the quasicrystallization in soft
matter [29–33].
In this Letter we propose an alternative, novel scenario

for the spontaneous formation of a quasicrystal based on a
dynamical optical potential for ultracold atoms inside an
optical cavity setup [34–56], where a quasicrystalline
symmetry emerges in the low-energy sector across a
superradiant phase transition. The setup consists of four
identical linear cavities arranged in a plane with a common
center such that they make a 45° angle with one another. A
Bose gas is tightly confined in the direction perpendicular
to the plane at the intersection of these initially empty four
cavities, and is strongly coupled to a single mode of each
cavity. The BEC is also driven by a spatially uniform pump
laser propagating perpendicular to the cavity-BEC plane as
depicted in Fig. 1.
At low pump-laser strengths, the system is in the normal

homogenous (NH) state, where the condensate is uniform
and the photon scattering from the pump into the cavities is
strongly suppressed. Beyond a critical laser strength, atoms
collectively scatter photons from the pump into the cavities
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as atomic density fluctuations are amplified due to the field
backaction. Consequently, the pump and built-up cavity
fields interfere, leading to the formation of a nonperiodic,
dynamic superradiant quasicrystalline potential for the
atoms, which possesses an emergent eightfold rotational
symmetry C8; see Figs. 2(c) and 2(d). Although the
Hamiltonian of the system does not possess this eightfold
rotational symmetry, across the superradiant phase tran-
sition this symmetry emerges in the low-lying energy sector
thanks to specific cavity-field amplitudes and phases
chosen spontaneously by the system. The center of the
quasicrystal (i.e., the location of the C8 rotational axis) is
fixed via a process of spontaneous breaking of four
approximate discrete Z2 symmetries. The mechanism of
emerging global C8 symmetry here is reminiscent of
emergent global [57–64] and local gauge [65–69] sym-
metries found in some other models in the proximity of
certain quantum phase transitions and/or in some quantum
phases.
In the superradiant phase, the atoms in turn self-order in

this emergent quasicrystalline potential. For sufficiently
strong two-body repulsive contact interactions between the
atoms, a superradiant quasicrystalline (SRQC) order is
stabilized in the system, where momentum components of
the self-ordered BEC wave function exhibit an eightfold
rotational symmetry as shown in Fig. 3(b). On the contrary,
for weakly interacting atoms the condensate is localized in
one or few of the deepest minima of the quasicrystalline
potential. Correspondingly, the many occupied momentum
components of the condensate wave function show a
Gaussian distribution. We thus refer to this state as the
superradiant localized (SRL) phase.

Model.—Consider ultracold bosonic atoms trapped in a
quasi-two-dimensional “circular” box potential VboxðrÞ in
the x-y plane and off-resonantly driven in the z direction
by a right circularly polarized σ̂þ pump laser with Rabi
frequencyΩ0 ∝ hejσþ · djgi and wave number k0 ¼ 2π=λ0.
The atomic internal states fjgi; jeig satisfy the selection
rule me −mg ¼ 1. Furthermore, the atomic transition
jgi ↔ jei is also off-resonantly coupled to four initially
empty, in-plane polarized, quantized electromagnetic
modes, each belonging to one linear cavity. The atom-
cavity couplings are given by GjðrÞ ¼ eiθjG0j cosðkj · rÞ,
where k1 ¼ k0êx, k3 ¼ k0êy, and k2;4 ¼ k0ðêx � êyÞ=

ffiffiffi
2

p
,

and G0j are the maximum atom-cavity couplings per
photon. Here, êx (êy) is the unit vector along the x (y)
direction and i2 ¼ −1. The wave number of the cavity
modes have been assumed to be equal to the wave number
of the laser, jkjj ¼ k0, as the cavity frequencies ωc ≡
ωc1 ¼ � � � ¼ ωc4 are taken to be close to resonant with
laser frequency ω0 ¼ ck0. The phase factors θ1 ¼ π=2,
θ2 ¼ 5π=4, θ3 ¼ π, and θ4 ¼ 3π=4 arise due to the

FIG. 1. Schematic view of a quasi-two-dimensional driven
BEC inside four identical crossed linear cavities, which make
a 45° angle with one another. The driving laser with the right
circular polarization σ̂þ propagates along the z direction and it is
not shown explicitly in the figure. The inset depicts the internal
atom-photon couplings.

(a) (b)
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FIG. 2. The phase diagram of the system in the fNg0=
ℏωrλ

2
0;

ffiffiffiffi
N

p
η0=ωrg parameter plane. The system exhibits three

distinct phases: normal homogenous, superradiant localized, and
superradiant quasicrystal states. The inverse participation ratios
fIr; Ipg as well as the field amplitudes jαjj display nonanalytical
behavior on the onset of the superradiant phase transition as
shown in (a)–(c). The order and the nature of the transitions are
indicated in (c). A typical emergent superradiant quasicrystalline
optical potential with the eightfold rotational symmetry C8

located at the origin is presented in (d). The parameters are
set to ðΔc; κ; NG2

0=ΔaÞ ¼ ð−10; 10;−1Þωr.
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projection of the in-plane linear polarizations êx;y and ϵ̂� ¼
ðêx � êyÞ=

ffiffiffi
2

p
of the cavity fields onto the right circular

polarization σ̂þ as detailed in the Supplemental Material
[70]. The system is depicted schematically in Fig. 1.
Assuming that the atomic detuning Δa ≡ ω0 − ωa < 0,

with ωa being the atomic transition frequency between the
ground state jgi and the electronic excited state jei, is
very large, the atomic excited state can be adiabatically
eliminated. This yields an effective Hamiltonian Ĥeff ¼R
ψ̂†ðrÞĤ0;eff ψ̂ðrÞdrþ Ĥint − ℏΔc

P
j â

†
j âj for the system,

with the effective single-particle Hamiltonian density in the
rotating-frame of the laser,

Ĥ0;eff ¼−
ℏ2

2M
∇2þVboxðrÞþ

ℏ
Δa

����Ω0þ
X4
j¼1

âjGjðrÞ
����
2

; ð1Þ

and the two-body interaction Hamiltonian,

Ĥint ¼ g0

Z
ψ̂†ðrÞψ̂†ðrÞψ̂ðrÞψ̂ðrÞdr: ð2Þ

Here ψ̂ðrÞ and âj are the atomic and photonic bosonic field
operators, respectively, Δc ≡ ω0 − ωc is the cavity detun-
ings with respect to the laser, and g0 is the strength of the
two-body contact interactions proportional to the s-wave
scattering length.
Mean-field approach.—We consider the thermodynamic

limit, where the quantum fluctuations are negligible in two
dimensions and the mean-field approach is justified [71]:
ψ̂ → ψ ≡ hψ̂i and âj → αj ¼ jαjjeiγj ≡ hâji. Hence we
solve the mean-field Gross-Pitaevskii equation

ðhĤ0;effi þ g0nðrÞÞψðrÞ ¼ μψðrÞ; ð3Þ

along with the self-consistent solution of the steady-state
cavity-field amplitudes iℏh∂tâji¼h½âj;Ĥeff�i−iℏκhâji¼0,

−δcjαj þ
X
l≠j

cjlαl þ ηj ¼ 0; j;l ¼ 1; 2; 3; 4: ð4Þ

Here, hĤ0;effi is the mean-field single-particle Hamiltonian
density corresponding to Eq. (1) with âj → αj, nðrÞ ¼
jψðrÞj2 is the local atomic density,μ is the chemical potential,
κ is the decay rate of the cavity fields due to photon losses
through the cavity mirrors, and we have introduced the
following symbols for the shorthand:

δcj ¼ Δc þ iκ −
1

Δa

Z
jGjðrÞj2nðrÞdr;

cjl ¼ 1

Δa

Z
G�
jðrÞGlðrÞnðrÞdr;

ηj ¼
Ω0

Δa

Z
G�
jðrÞnðrÞdr: ð5Þ

This approach neglects the heating induced by cavity losses,
which iswell justified as the corresponding rate is suppressed
with the inverse system’s size [72].Without loss of generality
and for the sake of simplicity, in the following we set G0j and
Ω0 to be real and only focus on the most interesting case of
symmetric coupling to all cavities, G0 ≡ G01 ¼ � � � ¼ G04.
Since the system is not translationally invariant, we solve

Eqs. (3) and (4) in a square box of size Lx × Ly ¼ L2 ¼
20λ0 × 20λ0 centered at the origin r ¼ 0 with open boun-
dary conditions and a circular box potential of the form
VboxðrÞ ¼ 0 for jrj < L=2, otherwise, VboxðrÞ → ∞ [73].
In order to characterize the BEC density and momentum
distributions, we exploit the inverse participation ratios
[74,75],

Ir ¼
Z

jψðrÞj4dr=
�Z

jψðrÞj2dr
�

2

; ð6aÞ

Ip ¼
X
pj

jφðpjÞj4=ð
X
pj

jφðpjÞj2Þ2; ð6bÞ

where φðpÞ ¼ R
eip·rψðrÞdr=L2 is the Fourier transform of

the condensate wave function ψðrÞ. Ir and Ip quantify how
localized the atomic distributions are in position and
momentum spaces, respectively. For instance, for a uniform
density distribution Ir approaches zero in the thermody-
namic limit as 1=L2, while Ip approaches 1.
Phase diagram and emergent symmetries.—Figure 2

shows the phase diagram of the system in the
fNg0=ℏωrλ

2
0;

ffiffiffiffi
N

p
η0=ωrg parameter plane, where N is

the number of the atoms, ωr ≡ ℏk20=2M is the recoil
frequency, and η0 ≡ G0Ω0=Δa is the effective pump
strength [76]. The inverse participation ratios in position

(a) (b)

FIG. 3. Typical atomic momentum distribution in the SRL (a)
and SRQC (b) phases. The momentum distribution in the SRQC
state exhibits a clear eightfold rotational symmetry, with occupied
fractional momentum states. In the SRL phase, it is, however,
a Gaussian with remnants of the eightfold rotational symmetry
on top of it. The parameters are set to

ffiffiffiffi
N

p
η0=ωr ¼ 4 and

Ng0=ℏωrλ
2
0 ¼ 0 (a) and 5 (b), with the rest being the same

as Fig. 2.
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Ir and momentum Ip space are illustrated in Figs. 2(a)
and 2(b), respectively. The corresponding rescaled steady-
state field amplitudes jαjj=

ffiffiffiffi
N

p
are presented in Fig. 2(c).

Below the laser-strength threshold ηc0ðg0Þ the system is in
the NH state, where there is no photon in any of the cavities
and the atoms are uniformly (saving for the boundary)
distributed over the box potential Vbox. Therefore, the
position-space (momentum-space) participation ratio Ir
(Ip) assumes its smallest (largest) value in this phase.
By increasing the pump-laser strength η0 above the

threshold ηc0ðg0Þ, the uniform atomic distribution starts to
become unstable. Fluctuations in the atomic density result
in constructive photon scattering from the pump laser into
the cavity modes. The interference of the pump and built-up
cavity fields creates an emergent optical potential, favoring
density modulations which in turn further enhance collec-
tive photon scattering into the cavity modes. This starts a
runaway process towards a superradiant phase where
jαjj > 0 for all j. Both participation ratios change at the
onset of the superradiant phase transition. In particular, the
momentum-space participation ratio Ip displays a sharp
drop, signaling the occupation of many momentum states.
In the superradiant phase αj ¼ jαjjeiγj ≠ 0, not only are
the absolute values of all the field amplitudes equal
jαj≡ jα1j ¼ � � � ¼ jα4j ≠ 0, but also the phase of each
field amplitude is locked at γj ¼ γ0 − θj or γ0 þ π − θj,
where γ0 is a common phase introduced due to the nonzero
cavity-field decay rate κ ≠ 0.
The single-particle Hamiltonian density Ĥ0;eff, Eq. (1),

possesses a symmetry which we denote by C̃8: an eightfold
rotation C8 around the z axis with the transformation x →
x0 ¼ ðxþ yÞ= ffiffiffi

2
p

and y → y0 ¼ ðy − xÞ= ffiffiffi
2

p
followed by

the field transformation â1→ â2e−iðθ1−θ2Þ, â2 →
â3e−iðθ2−θ3Þ, â3 → â4e−iðθ3−θ4Þ, and â4 → â1e−iðθ4−θ1Þ.
Note that Ĥ0;eff is not invariant under the sole action of
the C8 rotation. Nonetheless, an eightfold rotational sym-
metry C8 emerges in the low-energy sector of the super-
radiant phase due to the above-mentioned amplitude and
phase locking of the cavity fields: jαj≡ jα1j ¼ �� � ¼
jα4j≠ 0, and γj þ θj ¼ 0 or π (γ0 is an immaterial overall
common phase shift discarded here for the sake of
simplicity); see Supplemental Material for more details
[70]. The two possible choices of phase, −θj or π − θj, for
each field amplitude correspond to a Z2 symmetry for each
cavity. The phases γj of the field amplitudes determine the
center of the quasicrystal (i.e., the location of the C8

rotational axis). Figure 2(d) shows an example for the case
γj ¼ −θj for j ¼ 1;…; 4. Therefore, at the onset of the
superradiant phase transition, the center of the emergent
quasicrystal is fixed through the spontaneous breaking of
an approximate⊗4

j¼1 Z2 symmetry as explained in detail in
the following.

For the case γj ¼ −θj (γj ¼ π − θj) for all the modes
j ¼ 1;…; 4, all fields have positive (negative) antinode at
the origin r ¼ 0. Therefore, the C8 rotational axis is located
at the origin, defining the center of the quasicrystal.
Whereas, e.g., for the case that γ1 ¼ π − θ1 and γj ¼
−θj for the rest (i.e., j ¼ 2, 3, 4), the rotational axis is
shifted along the x axis and its location xo has to satisfy
both xo ¼ ðmþ 1=2Þλ0 and xo ¼

ffiffiffi
2

p
lλ0, with m and l

being two integers. However, these two conditions are not
exactly consistent with each other for any two finite
integers m and l, as the first equation yields a rational
number while the second one an irrational number.
One might, therefore, claim that the two conditions may
coincide at infinity, implying that the center of the
quasicrystal is located at xo → �∞.
The self-ordered condensate density in the superradiant

phase depends on the interplay between the emergent
quasicrystal optical potential and the two-body repulsive
contact interaction g0. Since the optical potential is not
periodic, it can act as a disordered potential for the BEC,
favoring Anderson-type localization [77,78]. On the other
hand, this is counteracted by the two-body repulsive
interactions. This competition determines the self-ordered
BEC density.
In the weakly interacting regime, the quasicrystal poten-

tial dominates over the two-body interactions and the
condensate localizes in one or few of deepest minima of
the quasicrystal potential. In this localized phase the atoms
scatter more photons from the pump laser into the cavity
modes due to constructive interference: the more atoms are
condensed in the same potential minimum, the more
photons are scattered with the same phase. This SRL
regime is the lower right corner in Figs. 2(a)–2(c). The
inverse participation ratio in the position space Ir attains its
largest values in this phase. A typical momentum distri-
bution of the self-ordered SRL state is shown in Fig. 3(a);
strong localization here leads to a Gaussian momentum
distribution with remnants of the underlying eightfold
rotational symmetry superimposed on it.
In the strongly interacting regime on the other hand, it is

energetically more favorable for the atoms to occupy
different global and local minima of the quasicrystal optical
potential. For sufficiently strong two-body contact inter-
actions, a quasicrystalline density order is stabilized in the
system as apparent from the momentum distribution of self-
ordered states, shown in Fig. 3(b) for a typical state in this
regime. Note the fractal distribution, a characteristic of
quasicrystalline order indicating that the two-dimensional
momentum space cannot be spanned by only two reciprocal
primitive vectors. Here the two-dimensional momentum
space is spanned by four incommensurate cavity wave
vectors fk1;…;k4g, resulting in dense and self-similar
momentum diffraction peaks [9]. Furthermore, regardless
of the center of the quasicrystal, all the sixteen ⊗4

j¼1 Z2

symmetry-broken states exhibit an identical momentum
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distribution, saving for small finite-size effects [70].
Therefore, we refer to this phase as the SRQC state.
One can identify the field amplitude jαj (recall that

jαj≡ jα1j ¼ � � � ¼ jα4j) as an order parameter. It is zero in
the NH phase and acquires nonzero values in the SRL and
SRQC phases. The order parameter jαj exhibits a discon-
tinuous jump in the transition from the NH phase to the
SRL state, signaling a first order phase transition. The
transition from the NH state to the SRQC phase is also first
order in the weakly interacting regime, but becomes second
order in the strongly interacting regime. On the other hand,
we have only a crossover between the SRL and SRQC
phases, as the order parameter jαj changes smoothly in the
transition. For clarity, various cuts from the phase diagrams
are presented in the Supplemental Material for different
transitions [70].
Conclusions.—We proposed and studied a novel cavity-

QED setup where a quantum phase transition from a
uniform BEC to a quasicrystalline state with an emergent
eightfold rotational symmetry can be realized and moni-
tored nondestructively via the amplitudes jα1j ¼ � � � ¼
jα4j ≠ 0 and phases γj ¼ γ0 − θj or γ0 þ π − θj of the
cavity-output fields. The proposed setup is a realistic
generalization of the state of the art in the experiment,
namely, the two-crossed cavity setup [39–41] and the bow-
tie cavities [46]. Analogous setups can allow the study of
quasicrystals with other emergent rotational symmetries
such as five- and sevenfold rotational symmetries. Our
proposed model differs from all previously proposed
schemes including those based on spin-orbit coupling
[19,20]: in the previous proposals the quasicrystalline
states have a broken symmetry with respect to correspond-
ing single-particle Hamiltonians while here the superra-
diant quasicrystalline state has an emergent symmetry.
Furthermore, the quantum phase transition to the quasi-
crystalline and localized states can be attributed to the
interplay between two-body contact interaction and cavity-
mediated long-range interactions. Therefore, our work
demonstrates that cavity QED offers a novel nondemolish-
ing platform [79–82] for exploring the spontaneous for-
mation and stabilization mechanisms of a quasicrystal
at very low temperatures. It opens a new avenue for
realizing in state-of-the-art quantum-gas–cavity systems
quantum phase transitions which are accompanied by an
emergent (C8 rotational) symmetry. Our considered system
may also support exotic vestigial orders in some parameter
regimes [83].
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